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Inti'odttctory. 

In his ' Lettres siir la Thoorie des Probabilitds ' (184G), Quetelet has shown 
that hi certain aiithropumetrieal statistics, c.(/.^ in statistics of height or of chest- 
nieasnrement, the cnrvo of frequency is approximalely of the same form as the curve 
known to mathematicians as the ^' curve of error/' but better described for statistical 
purposes as the normccl curve, A similar conclusion has been arrived at by later 
observers with regard to a large number of biological measurements. The general 
similarity thus established has been extended, primarily by Mr. Francis Galton, to 
certain cases of statistical correlation of two or more attributes. It has been found 
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in these cases that not only are the curves of frequency of the separate attributes 
appi*oximately normal curves, but the frequencies of joint occurrence of different 
measures of these attributes follow (approximatelj^) a simple law, corresponding to 
the law of correlation of errors of observation. 

Since we can never observe more than a finite number of individuals, it is 
impossible to decide with absolute certainty as to the existence, in any particular 
case, of this (or any other) law of distribution or correlation. But if the number 
of observed individuals is large, and if they are obtained by random selection from 
a '* community '^ comprising (practically) an indefinitely great number of individuals, 
the theory of error provides us with a test for deciding whether any particular 
law, suggested by the given observations, may be regarded as holding for the 
original community. 

The main object of the present memoir is to obtain formulae for testing the 
existence, in any particular case, of the normal distrihiition and normal correlation 
described above. As the treatment of multiple correlation presents some difficulty, 
I have restricted myself to the cases of one attribute, supposed to be normally 
distributed, and of two attributes, supposed to be normally correlated. Where 
the hypothesis of normal distribution or of normal correlation may be regarded 
as established, there are different methods of treating the statistical data; and these 
may lead to different results. I have therefore given formulse for comparing the 
relative accuracy of different methods of calculating the frequency-constants which 
are required. 

The application of the formulae to actual cases is postponed until certain tables are 
completed. In the absence of these tables, Kramp's and Encke's tables (printed at 
the end of De Morgan's article on the "Theory of Probabilities " in the 'Encyclo- 
paedia Metropolitana ') may be used for cases of a single attribute. For cases of 
correlated attributes^ I have given two methods of making a rough calculation of the 
'' theoretical " distribution, for comparison with the " observed '' distribution. These 
methods depend on theorems which can be conveniently expressed in a geometrical 
form. As the normal curve lends itself to geometrical treatment, and as the funda- 
mental formulae in the theory of error can be obtained by the use of ordinary algebra, 
T have attempted to make the memoir complete in itself by starting wuth a simple 
definition of the normal curve, and adopting Galton's definition of normal correla- 
tion ; and by deducing the necessary theorems without the direct use of the 
differential or integral calculus. 

The normal curve may be defined in various ways, e.g. :~ 

(1.) Ftmctional Equation, % =:/(^"), where f{p(?) X/(?y^) :=-f{x^ + 2/^)- 

(2.) Ordinary Cartesian Equation, % oc e""^"^*''^"'\ 

(3.) Differential EquoMon, a^ (dz/dx) -\- xz = 0. 

(4.) Geometrical Equation^ abscissa X sub-tangent ^ constant. This follows at 
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once from (3) ; for if O is the foot of the central ordinate, and if MP is any other 
ordinate, and the tangent at P meets OM in T, then sub-tangent MT = — zdx/clz. 

(5.) Statistical Equation, X^.+2 = {^^ 4- 1) ^2X1-5 where X;, denotes the mean Mh power 
of the deviation from the mean in a distribution whose curve of frequency is a normal 
curve ; h being any positive integer. This relation follows from (3). Since, by the 
definition, Xi ^ 0, it gives X/, in terms of X., for all positive integral values of h ; and 
it may therefore be regarded as the equation to the curve, the position of the central 
ordinate being arbitrary. 

Of these different equations the first is in some respects the most important, as it 
is the direct expression of the relation on which the special property of normal dis- 
tributions depends ; the property, that is to say, that if the measures of a number of 
independent attributes are normally distributed, any linear function of these measures 
is also normally distributed. The second equation is, of course, essential for any 
numerical calculations. The last two, however, have certain conveniences when an 
elementary investigation is desired. I have therefore adopted the geometrical defini- 
tion of the curve, and have deduced the statistical equation ; and then have used 
either or both of these as occasion might require. 

The memoir is divided into four parts. Part I. deals with elementary theorems ; 
most of these are well known, but it is convenient to have them collected, and 
established by comparatively simple methods. ^^ Part II. contains the investigation 
of the principal formulae in the theory of error as applied to numerical statistics. 
In Part III. these formulae are applied to cases of normal distribution. Part IV. 
deals with normal correlation, and is subdivided into two portions. The first con- 
sists of a discussion of the more important phenomena which occur when two 
attributes are normally correlated ; while the second contains the applications of the 
theory of error. Some of the formula given in Parts III. and IV. have already been 
obtained by Professor Karl Pearson, but by a different method. 

Part I. — General Properties of the Normal Curve and of Normal 

Distributions, 

The Normal Curve. 

§ 1. Definition of Normal Curve. — Let be a fixed point in a straight line X'OX, 
and let a point P move so that, if MP is the ordinate to P from X'OX, and PT the 
tangent at P, intersecting X'OX in T, the rectangle OM.MT is constant and = d\ 
Then the path of P is a nor^rnal curve. 

Let OZ be drawn at right angles to X^OX, intersecting the curve in H, and let 
points A' and A be taken in X'OX, such that A'O = OA = a. Then OZ will be 

^' It will be seen that some of the proofs are only expressions, in geometrical form, of familiar 
methods of differentiation or integration. 
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called the median of the curve, X^OX the base, OH the central ordinate, 'and A^A the 
parameter. 

The curve is obviously symmetrical about the median, and asymptotic to the base 
m both directions. 

The area bounded by the curve and the base will be called a normal Jig ure. 

§ 2. Formation of Family of Curves hy Projection. — Let a new curve be formed by 
orthogonal projection of a normal curve with regard to the base in any ratio. Let 
MP and NQ be ordinates to the original curve, and MP^ and NQ^ the corresponding 
ordinates to the new curve (fig. 1). Then MP :MP' ::NQ :NQ'. Hence PQ and 
P'Q' will intersect on the base. Let N move up to and coincide with M. Then PQ 
and P'Q' become the tangents at P and P' to the two curves, and therefore these 
tangents meet the base in the same point T. Hence for the second curve we have 
also OM.MT == OA", and therefore this is also a normal curve of parameter A^A. 

Similarly, if the curve is projected with regard to OZ in the ratio a : 6, the new 
curve will be a normal curve of parameter 2?>, having the same median. 



Fig. 1. 




O M 



f/^ 



§ 3. Limitation to Curves so ohtai^ied. —Thus, by projection of a single normal curve 
with respect to the base and the median, we can get an indefinite number of normal 
curves of different parameters and different central ordinates. Conversely, if S and 
S' are two normal curves placed so as to have the same base and the same median, 
either can be got from the other by projection. Let the parameters be 2a and 2b 
respectively. Project S into a curve S" of parameter 2&, and let t denote the family 
of projections of S'' with regard to the base. Then the tangent at each point of S' 
coincides with the tangent to the particular curve of S which passes through this 
point. Hence S' is one of the curves S, or else is the envelope of these curves. But 
the curves have no envelope at a finite distance. Hence S' is a projection of S". 

§4. Standard Normal Curve.-— It is, therefore, convenient to take a standard 
normal curve, and to consider all other normal curves as obtained from it by projection. 

yoL. oxen.- — a. p 
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For the standard form we take the curve whose semi-parameter is miity, and area 
unity. The central ordinate of this curve will for the present be denoted by C ; we 

- l/\/27r. It is clear that if A is the area of a curve of 



shall show later that C = _ 
parameter 2a, its central ordinate is CA/a. 

The curve may be traced by means of Table L (p. 153). The second column of that 
table gives the ordinate of the standard curve in terms of the abscissa ; the third 
gives its ratio to the central ordinate. Table II. (p. 155) is formed by inverting 
this latter table ; it gives the abscissa in terms of the ratio of the ordinate to the 
central ordinate. 

§ 5. Mornent-formidw. — Let MP, MT', be any two consecutive ordinates to a 
normal curve whose parameter is 2a. Draw P/h and P'rn^ perpendicular to the 
central ordinate OH, and let p and p be the intersections of MP, mV' and of MT', 

Fig. 2. 




MM'' 



mP respectively (fig. 2). Then, if PP' produced cuts the base in T, we have, by 

similar triangles, 

Vp\ MP =:= Py. MT = j)P. MT. 

Hence 

(1.) OM X rectangle MPp'M' ^ OM . Pp^ MP 

== OM . MT X pP = OM . MT (MP - MT') ; 

(2.) OM'^ X rectangle MPp'M' ^ OM , MT X mp.pV 

= OM « MT X rectangle mpVm ; 

(3.) 0M^+^ X rectangle MPp'M' = OM. MT X mP^ X rectangle m'pVm. 



The kth moment of the rectangle rripVm about OH is 7 r . mP^ X mpVm, Also 

when MM' becomes indefinitely small, OM . MT = d\ Hence, by summation, we 
see that 

(i.) If MP and NQ are any two ordinates, the moment of the area MPQN 
about OH is a^ (MP - NQ) ; 

(iia.) If Pm and Qn are the perpendiculars from P and Q on OH^ the second 
moment of MPQN about OH is d^ X area ?2QPm ; 
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(ii6.) For the complete normal figure, the mean square of deviation from the 
mean is a" ; 

(iii.) If X^ denote the mean ytth power of the deviation from the mean, 

X.^2 = (^ + 1) (^K = {k+l) XA, 

which is the statistical equation to the curve. 
This equation gives 

K^i = 

X23 =' {2s — 1) (2^ — 3) . . . 1 . X2 = '^ X2 

ij IS 

The Surface of Revolution of the Normal Curve, 

§ 6. Projective Solids and Surfaces. — Let S be a surface whose equation referred 
to three rectangular axes OX, ^OY, OZ, is of the form z = (])[x) . <{) (y). Then if 
we take sections of S by a system of planes parallel to OZX, and project these 
sections on OZX, we obtain a system of curves which are the orthogonal projections 
of one another with regard to their common base OX. Similarly if we take sections 
by planes parallel to OZY. On this account it is convenient to call such a surface 
a projective surface. If the surface is terminated in all directions by the base- 
plane OXY, the volume included between this plane and the surface vv'ill be called a 
projective solid. 

For the geometrical definition of a projective solid it is sufficient that the solid 
should be bounded by a plane base OXY, and that two lines OX, OY in this plane, 
at right angles to one another and to a line OZ, should be related to the solid 
in such a way that the sections of the surface by planes parallel to OZX, when 
projected on OZX, form a system of curves in orthogonal projection. If this is the 
case, it follows at once, from the elementary properties of projection, that the same 
property holds for sections by planes parallel to OZY. 

The sections of the solid by the two sets of planes parallel to OZX and to OZY will 
be called principal sections. 

The following properties of a projective solid are easily obtained from the 
geometrical definition. 

(i.) Let WR and MP be any two ordinates, and let the other ordinates in which 
the principal sections through WR and MP intersect be NQ and nq. Then 
WR.MP==:NQ.m2. 

(ii.) In one of^the principal sections through an ordinate WR, take any two ordinates 
NQ and N'Q' ; and in the other take any two ordinates nq and nq (fig. 3). Draw 
the principal sections through these ordinates, and let them enclose (with the base 
and the upper surface) a volume V. Then WR.V == area NQQ'N' X area nqqn\ 

(iii.) From (ii.) it follows that if we fix a principal section S, and take variable 

V 2 
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ordinates NQ and N^Q'^ the volume of the solid bounded by the other principal 
sections thi*ough NQ and N'Q' is proportional to the area NQQ'N'. 

(iv.) From (ii.) it also follows that if V is the whole volume of the solid, WR any 
ordinate, and A and A' the areas of the principal sections through WR, then 

WE.V=::A.A^ 

Pig. 3. 




(v.) Let OH be the ordinate passing through the centre of gravity of the solid, 
and let S and S' be the principal sections through OIL Then the central ordinates of 
all sections parallel to S {i.e., the ordinates through their respective centres of gravity) 
lie in S^ and the central ordinates of all sections parallel to S' lie in S. 

§ 7. Normal Solid and Normcd Surface.— Let the half of a normal figure of 
parameter A'A == 2a^ lyii^g on one side of the central ordinate OH, be rotated 
about this ordinate through four right angles. The solid so formed will be called a 
normal solid, and its surface will be called a normal surface. The plane traced out 
by the base will be called the base-plane. A section of the solid by a plane 
perpendicular to the base-plane will be called a vertical section^ 

§ 8, Normal Solid is Projective Solid.— 'het S be any vertical section of the 
solid, and MP any ordinate in this section. Draw ON perpendicular to the plane of 
the section, and let NQ be the ordinate at N. Let the tangents at P to the section 
S, and to the central section through MP (ie., the section through MP and the axis)^ 
cut the base-plane in T and T' respectively (fig. 4), 

Since PT and PT' are tangents to sections through P, the plane PTT' is the tangent 
plane to the solid at P. But the solid is a solid of revolution, and therefore this 
plane is perpendicular to the plane OMP. The base-plane is also perpendicular to 
the plane OMP, and therefore the intersection TT is perpendicular to this latter 
plane. Hence OTT is a right angle, and therefore a circle goes round ONT'T, so 
thatNM.MT==OM.Mr. 

But the section by the plane OMP is a normal figure of parameter 2a, and there- 
fore OM.MT' = di Hence also NM.MT = a'^ ; i»e,, the section S is a normal figure 
of parameter 2a, having NQ for its central ordinate « 
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Fig. 4. 




Thus every vertical section of the solid is a normal figure of the same parameter, 
having its central ordinate in the plane through the axis at right angles to the plane 
of the section. 

It follows from § 3 that the solid is a pi^ojective solid j any two vertical sections at 
right angles to one another being regarded as principal sections. 

§ 9, Converse Projjositions,— There are two converse propositions. 

(i.) If two principal sections of a projective solid are normal figures of equal para- 
meter, the solid is one of revolution. 

Let this parameter be 2a, From § 2 it follows that every principal section is a 
normal figure of parameter 2a. The solid will obviously have a maximum ordinate 
OH ; and each of the two principal sections through OH will contain the central 
ordinates of all sections by planes perpendicular to it. Take any other section 
through OH ; and let MP be any ordinate in this section. Draw planes through 
MP cutting the principal sections through OH in ordinates NQ and nq. Then the 
sections NQPM and nqFM are normal figures of parameter 2a, having NQ and nq 
for their central ordinates. Let the tangents to these sections and to the section 
OHPM cut the respective bases in T, t, T (fig. 5). Then PT, PT', P^ all lie in the 
tangent plane to the surface at P, and therefore TT'^ is a straight line. Also 
NM . MT = a^=nM, Mt, so that ON : NM : : TM : M^. Hence the triangles ONM, TM^ 
are similar, and angle MT^ = angle NOM ; and therefore a circle goes round NOTT'. 
Hence OM.MT' = NM.MT = a\ and therefore the section OHPM is a normal figure 
of parameter 2a, having OH for its central ordinate. This is true for every section 
through OH, and therefore the solid is one of revolution. 
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Pig. 5. 



M 




(ii.) Tf a solid of revolution is also a projective solid, the generating figure is a 
normal figure. 

Let OH be the central ordinate. Then every vertical section is symmetrical about 
the plane through OH perpendicular to it, and any two vertical sections, if arranged 
so as to have their central ordinates coincident, will be interconvertible by projection. 
Let S be any section through OH, and let NQ and N'Q' be any two ordinates in 
this section, ON being greater than ON^ Let the tangents to S at Q and Q' cut 
ON' N in T and T'. 

Describe a circle in the base-plane on ON as diameter, and draw the chord 
NM = ON'. Draw the ordinate MP, and let the tangent at Q to the section MPQN 
cut MN produced in R (fig. 6). Then MP is the central ordinate of the section 
MPQN ; and therefore, since this section and the section OHQ'N' are interconvertible 
by projection, it follows that NR = N'T'. 

Since QR and QT are tangents to sections through NQ, QRT is the tangent plane 
at Q. The solid being a solid of revolution about OH, this tangent plane must 
be perpendicular to the plane OQT. The base-plane is also perpendicular to the 
-plane OQT, and therefore TR, which is the line of intersection of the tangent plane 
and the base-plane, is perpendicular to the plane OQT, Hence OTR is a right angle, 
and therefore a circle goes round OMTR, so that ON » NT ^ MN . NR = ON'^ . N'T'. 
In other words, the rectangle ON . NT is constant for different positions of N, and 
therefore the central section is a normal figure. 
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Fig. 6. 




§ 10. Value of C — Let A and A' be the areas of two sections through OH at right 
angles to one another; and let V be the whole volume of the solid. Then, since 
the solid is a projective solid, OH . V = A . A' = A^ (§ 6 (iv.)) ; and, since it is 
a solid of revolution, V=27ra^.OH (§ .5 (i.), and Guldinus' theorem), But 
0H = CA/a(§4). Hence C = I/x/^tt. 

It is convenient to consider the solid as obtained from a standard form by an 
orthogonal and an axial''''' projection. As the standard solid we shall take the solid 
whose volume is unity and whose vertical sections are normal figures of semi- 
parameter unity. The central ordinate of this solid is 1/2tt. 

§ 11. Representation of Segment of Normal Solid hy an Area. — Let S be any 
closed curve in the base of a normal solid, whose principal ordinate is OH, and whose 
parameter is 2a; and let V be the portion of the solid which lies above S, ^.^., which 
is bounded by S, by the surface of the solid, and by a cylinder K of which S is a 
normal section. We require a method of determining the volume V. 

Let %' be the upper boundary of V, i.e., the area cut out of the surface of the 
normal solid by the cylinder K. Describe a circular cylinder of radius &, and of 
height OH, having OH as axis ; and project S' on this cylinder by lines perpendicular 
to OH. The projection will be a closed curve o-. Now the volume V can be divided 
into elements by a series of planes through OH at indefinitely small angular 
distances from one another. Let 11 and n' be two consecutive planes of the system, 

^ By ail axial projection of a surface or a solid with regard to a straight line is meant the surface or 
solid obtained by projecting every point ortjiogonallv with regard to this straight line in a defii^ite 
r^tio. 
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the angle between them being d ; let them cut cr in the straight lines pq and pq\ 
and let IT cut V in the area MPQN, bounded by the ordinates MP and NQ. Tlien 
pq == NQ ^ MP ; and therefore, by § 5, the moment of the area MPQN about OH 
is equal to a^ . pq, Hence^ by Gijldinus' theorem, the portion of V included between 
II and n' is equal to cr .pq.6-=^ a^/b X area pq qp\ By summation, we see that 
V = d^jh X area cr. 

The cylinder, with the curve or, may be supposed to be unwrapped on a plane. 
Hence when we are given the central section of the solid, and a plan showing the 
form of S and its position with regard to 0, we are able to construct, by geometrical 
methods, a curve whose area will give us the volume V. Take a standard 
line OX on the plan. Through O draw a line inclined to OX at an angle whose 
circular measure is a, and let this line cut 2 in points M and N. Take abscissae 
OM and ON along the base of the given central section, and draw the ordinates MP 
and NQ. On a line O'X^ take O'L' :=^ ha, and draw an ordinate ^'qp such that 
L'p = MP, \Jq = NQ. The different points p and q corresponding to different 
values of a will form a curve, whose area can be measured ; and this area, multiplied 
by cr/6, is the volume required.''' 

If the curve ^ encloses the base of the principal ordinate OH, the continuity of the 
boundary of or will be broken when the cylinder is unwrapped. The locus of the 
points p is then the top of the rectangle representing the complete cylinder, and the 
area to be taken is the area between this, the sides of the rectangle, and the curve 
which is the locus of q. Similarly, if any portion of the boundary of % is at infinity, 
the corresponding part of the boundary of cr w^ill lie along the base of the rectangle 
representing the complete cylinder. 

The area or is unaltered by projecting it at right angles to O'X' in the ratio 1 : A, and 
parallel to O'X' in the ratio X : 1. Thus we shall have Lp =: X . MP, JJq = X . NQ, 
the point L' being taken so that OX' = haj\. When the solid is the standard solid, 
it is convenient to 'take h ^- a (™ 1), and \-==:r-27r\ the unwrapped cylinder then 
becomes a square whose base is unity and height unity : and the values of Up and 
11 q are given by the third column of Table I. (p. 153). 

If, for example, we divide the standard solid into twenty equal portions by 
nineteen parallel vertical planes, and if the cylinder is supposed to be divided along 
one of the lines in which it is cut by the central plane, and then unwrapped, and 
projected vertically in the ratio of 1 : 27r and horizontally in the ratio of 27r : 1, w^e 

* Grenerally, let V be a portion cut out of a solid of revolution bj a closed cylinder K, whose 
generating lines are parallel to the axis of revolution. Let P denote the section of the solid by a plane 
through the axis of revolution ; and let S be a curve lying in the plane of F and related to it in such a 
way that any ordinate MP (drawn to S from a base at right angles to the axis of revolution) is propor- 
tional to the moment, about the axis, of that portion of F which lies beyond MP. Then, if P is given 
geometrically, and if the section of the cylinder K and its position with regard to the axis are given, we 
can construct a figure whose area will be proportional to the volume V. 
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shall obtain the figure shown in fig. 7. The figure consists of two similar portions, 
each of which is divided into ten equal parts by nine curves ; each curve touching 
the corresponding half of the base at its extremities, and being symmetrical about 



Fig. 7. 
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its central ordinate. The curves may be traced by means of Tables III. and IV. 
(pp. 156-158) ; Table III. gives the ordinates in terms of the abscissa, measured from 
the extremity of the base of the figure ; and Table IV, is a converse table, giving 
the abscissae of the different curves in terms of the ordinate.'"' 



* The values in Table IV. were calculated by means of Callet^s tables, in wHicb the quadrant is 
divided centesimal ly. 
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General Theorems Relating to Normal Distributions. 

§ 12. Mean Squares and Mean Products of Composite Measures,— -het A, B, 
C, . . . E, F, G be a number of attributes, all of which exist in every member of a 
community ; and let the measures of their respective magnitudes be denoted by 
L, M, N, . . . P, Qj R. Let the mean values of Lj M, N, . . . P, Q, R be respectively 
Lj, M,, Ni5 . . . Pj, Qi, Ri ; let the mean squares of their deviations from their respec- 
tive means be a^ ¥, e\^ . . . e^^f^ g^ ; and let the mean product of the deviations of 
any two L and M from their respective means be denoted by S (L, M), Then, what- 
ever the relations amongst the distributions may be. 



(i,) The mean value of IL + mM + nN . . . + ?^li, where l^ m, 7i, . , . r are any con- 
stants, is ILi + mMj + '^^Mi + . . « + rR^ ; and the mean square of its deviation 
from its mean is 

Pa' + ^nW + ^o" + . . . + i-(f + 2lmS (L, M) + 2ln8 (L, N) + 2mn8 (M, N) + . . . 

(ii.) The mean product of the deviations of Ih + mM + ^^N + • « • + ^i^ ^i^d 
Vh + m'M + n'N + . . . + rR from their respective means is 

U'd^ + mm'l)^ + nn^G^ + • • * + '^"^'V'^ + (^^^' + ^''^) S (L, M) 

+ {In + Vn) S (L, N) + {mn + m'n) S (M, N) + . . . 

As we shall often require to use these last two expressions, it will be found 
convenient to express the mean squares and mean products in the form of a table, 
thus :-— 




M 



N 



a 



S ( L, M) 



S (L, N) 



6*^ 



S (M, 1ST) 



S (L, N) 



S (M, N) 



C" 



&c. 




&c. 



§ 13. Independent Normal Distributions --li the different values of L, in the class 
distinguished by particular values of M, N, . « . P, Q, R, are distributed in the same 
way, whatever these particular values may be, the distribution of L is said to be 
independent of the distributions of M, N, . . . 
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If the distribution of Q is independent of that of R ; the distribution of P 
independent of those of Q and R ; and so on, for L, M, N, . . . P, Q, R : then the 
distributions of L, M, N, . . . P, Q, R may be said to be mutually independent. 

Now suppose that each distribution, taken separately, is normal ; we require to find 
the distribution of IL + mM + nN + • • • + pP + sQ^" ^'R> where /, m, n, . . . p, q, t 
are any constants. 

Consider first the case of two measures L and M. Let their meau values be 
Li and Mi, and let their mean squares of deviation from the mea.n be a? and 6^. Let 
L = Lj + ax. M = Ml + hy. Then the values of x and of y are distributed normally 
about mean values zero with mean squares unity, and the distribution of x is inde- 
pendent of the distribution of y. Take two lines OX, OY at right angles to one 
another, and on OXY as base-plane construct the solid of frequency of values of 
X and ?/, these values being measured parallel to OX and OY respectively. Let OZ 
be drawn at right angles to OXY ; and let Ki and K2 be two planes whose equations 
referred to OX, OY, OZ as axes are la ,x ••{' mh . ?/ = f 1 and la .x -{- mb .y •= £2 
respectively, where ^1 and ^2 have any values. Then the portion of the solid lying 
between Ki and K2 includes all elements representing individuals for which 
la,x -}- mh . y lies between ^1 and ^^ ] ^^d therefore the number of these individuals 
is proportional to the volume of this portion of the solid. Denote this volume by V. 

Since the distribution of x is independent of the distribution of y^ the sections of 
the solid of frequency by planes parallel to OZX axe figures which when projected 
on OZX are orthogonal projections of one another with regard to OX ; in other 
words, the solid is a projective solid. Since the values of x are distributed normally 
with mean value zero and mean square unity, it follows from (iii.) of § 6 that the 
sections by planes parallel to OZX are normal figures whose semi-parameters are 
unity, and whose central ordinates lie in OZY ; and similarly the sections by planes 
parallel to OZY are normal figures whose semi-parameters are unity and whose 
central ordinates lie in OZY. Hence, by § 9 (i.), the solid is a normal solid ; and 
therefore it may be regarded as a projective solid whose principal sections are 
parallel and perpendicular to the planes Ki and K2. Through OZ draw a plane at 
right angles to Ki and K2, cutting them in ordinates WjRi and W2R2, and cutting 
the solid in a normal figure S. Then the volume Y is proportional to the area 

W1R1R2W2 of the figure S. Also OWi = ii/v'Pa' + mW, OW2 == f2/v'^V+~^^?F: 
Hence the number of individuals for which la,x -{- mh.y lies between fi and ^2 is 

proportional to the area, comprised between ordinates at distances ^jVV'a^ + ^^^^ 
and ^^js/fa^ + m^6^ from the median, of a normal figure of semi-parameter unity ; 
and therefore, by § 2, it is proportional to the area, comprised between ordinates 
at distances ^1 and ^<i from the median, of a normal figure of semi-parameter 
\/ZW + ^-^^&^ In other words, the values of la.x -|- mbAj are distributed normally 
with mean square X^af' + m^&^ about a mean value zero, and therefore the values 

Q2 
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of IJj 4" wM are distributed normally with this mean square'''^ about a mean value 

Next take the more general case. Since the distributions of Q and of R are 
independent and normal, the distribution of qQ + rR is normal. Again, since 
the distribution of P is independent of the distributions of Q and R, it is 
independent of the distribution of qQ + ^R ; a^nd therefore, since the distribution 
of P is normal, the distribution of pP + qQ + rR is normal. Proceeding in this 
way, we see that if the distributions of L, M, N, . « . P, Q, R are mutually inde- 
pendent, and if each distribution, taken separately, is normal, the distribution of 
/L + mM. + nN + . . . + i^P + ^Q + ^'R is also normal. 

We might have obtained this result from the statistical equation of the normal 
curve (§ 5). Let L-Li=:T/, M^M^ = M', N-N^ =- N^ . . . . Also let S (L'^M'^N^^ . . .) 
denote the mean value of L'^M'^N'"^ . . . , and let X^. denote the mean value 
of (ZL' + ^M.' + ^N' + . . .y. Then, since the distributions are independent, 
S (L'^WKy ..,)== S (L'^).S (M'^).S (N'^) .... Also, by § 5, S (U^^~ ^) = 0, and S (L'^9 

= -^=^ a'^' ; and similarly for M', N', .... Hence we see that — 

(i.) Every term in the expansion of (Ih' + mM' + ^N' + • • •)^'"^ must contain an 
odd power of one at least of the quantities I/, M'. N', . > , ; and therefore, by taking 
the mean, X2,.„i = ; 

(ii.) X, ^ IV + mW + n'c' + . . . 

(iii.) X2, == mean value of {lU + ^M' + ^N' + « . .)^' 



(the summation being made for all positive integral values of a, y8, 
y, . . . satisfying the condition a + ;S + y + . . . =5) 



ttt... -^ JV— - P'^m'^n'y . . . ii^ a'- • S ^>^^ # c 



''y 



2a 2/5 27. .. 2'^la 2^ 2:r]ry 



= |i ttt... ri^h— (^'^')^ • i'^'^Y ^ i^'^y • • • 



2*|s |^j/3J7- • • 

and therefore, for all positive integral values of k, 

K+2 = (k -Jr 1) XgX^. 

* The expression "mean square" may generally be iised, withoiit confusion, to denote tlie mean 
square of deviation froni the mean, 



BREOR TO OASES OP NORMAL DISTRIBUTION AND CORRELATION. 117 

Hence the values of lU + ^^M' + ^N^ + . . . are normally distributed ; and 
therefore the values of Ih + mM + ^^N + . . . are normally distributed. 

§ 14. Correlated Normal Distributions, — If L, M, N, . . . R are the measures of 
coexistent attributes A, B, C, . . . G ; and if the values of L, in every class dis- 
tinguished by particular values of M, N, . . . R, are distributed normally with constant 
mean square about a mean value Li + /^ (M ■— Mi) + ^^ (N — Ni) -f • • • + /^ (R — Ri), 
where Li, Mi, Ni, . . . Ri are the respective mean values of L, M, N, . . . R taken 
separately, and /x, ?/,... p are constants : then the distribution of L is said to be 
correlated with the distributions of M, N, . . . R. 

If the distribution of R is normal ; the distribution of Q correlated with that of R ; 
the distribution of P correlated with those of Q and R ; and so on, for L, M, N, . . . 
P, Q, R : then the distributions of L, M, N, ... P, Q, R may be said to be mutually 
correlated. We require to find, in this case, the distribution of IL + mM + ^^N + . . . 
+ pV + gQ + rR, where I, m^ n, . . . p, q, r are any constants. 

For convenience, consider only the case of four attributes L, M, N, R. From the 
definition, we see that L — Li is equal to /x (M — Mi) + ^^ (N — Ni) + p (R — Ri) + L'? 
where U is independent of M — Mi, N — Ni, and R — Ri, and is distributed normally 
with mean value zero. Similarly M -- Mi is equal to v (N — Nj) + p' (R — Ri) + M', 
where M' is independent of N — Ni and R — Ri ; and N — - Nj is equal to p' (R — Ri) + N', 
where N' is independent of R — Ri ; the values of M' and of N' being distributed nor- 
mally with mean values zero. Since M' is independent of N— Ni and R — Ri,and N — N^ 
is equal to p' (R — Ri) + ^\ it follows that M^ is independent of N' and R — Ri ; 
and similarly L' is independent of M', N', and R — Rj. Thus the distributions of 
L', M', N', and R — Ri are mutually independent. Also each of the measures 
L — Li, M -- Ml, N — Ni, R •— Rj, is a linear function of the measures L', M', N', 
R - Ri; and therefore 1{L - Li) + m(M - Mi) + r^(N ~ N^) + r(R - Ri) is a 
linear function of these measures It follows, from § 13, that the values of 
Z (L — Li) + '^^ (M — Ml) + n (N — Ni) + '^ (R •— Ri) are normally distributed ; i.e., 
the values of IL + ^M + riN + rR are normally distributed. The argument 
obviously applies to any number of correlated distributions. 

This result might also be obtained by the second of the two methods given in the 
last section. 

II. Theory of Eehoe,. 

§ 15. Distribution of linear function of errors of random selection. — Let the 
individuals comprised in an indefinitely great community be divided into any number 
of classes A, B, C, . . . , and let the numbers in these classes be proportional to 
a, ^, y, . * . , so that a + /3 + y4--« • = 1« Suppose a random selection of n 
individuals to be made, and let the numbers drawn from the different classes be 
respectively na', n^\ ny\ . . . , so that a'4"^' + y'+ • • • =1- Then ol — a, ^' — ^8, 
y' — y, . . . are the errors in a, /3, y, . . . We require to investigate the distribution 
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of the different values of a (a — a) + 5 f/3' -™ ^) + <^ (y' — y) + • • • for different 
random selections of n individuals, a, b, c, . , . being any constants. 

(1.) If we only require the mean and the mean square, we can most conveniently 
use the formulae of § 12. Suppose an indefinitely great number of random selections 
to be made. Then the proportion of cases in which p come from A and the remaining 
n — p from the other classes is 



71 



Hence 



p n — p 



a^ (^\ — a) 



n—p 



(i.) the mean value of a is 



23 = n 



n 



p- 



a 



=0 \p n — p 



^(1 - a)' 



ny-p , 



11 

n 



p — n 

a % 



n — 1 



p — 1 71 — p 



a^^"'(l — af-'^ = a; 



so that the mean value of a' — a is zero ; and 
(ii.) the mean square of a is 



n 



p = n 



a^'{l — a)' 



n-p , 



f 



7i- 



p — n 



n " S 



n 



p = 



j)\n ~~ p 



a^' (1 — af-^^' {p (p — 1 ) + p} 



n " {71 {'a — 1) a^ + ^'<^'^] ^ a" + ^ (l -^ ^)M- 1 



so that the mean square of a' — a is ct (1 — a)//? 
(iii.) Similarly the mean value of a' y8' is 



'p=:n q~n 



n 



V- 



=0 5-0 ipql"^^ — V — 9. 



aP I3P{1 — a --- /3)'' 



-p-a . 



V 9 

a 

Qh n 



n{ 7i'~ 1) i'-V' ^^' \n - 

a /3 — a /3/n ; 



n ^ p - q 



- a^^-'/3'^"^(l 



a 



^) 



«-'p-<2 



and therefore the mean product of a' — ce and ^' — ^ is —- a /3/n. From these three 
results it follows that 

(iv.) the mean value of a (a — a) -^ h (fi' — j3) -{~ c {y — y) -\- . , , is zero ; 

(v.) the mean square is 

a^ a (1 --. a)/n + ¥ ^ {1 -~ y8)/7^ + c'y{l - y)/n + . . . 

•— 2aha^ln — 2acay/7i — '2hc/3y/7i — . . . 



= {{a^oL + &^^ -\- c^y -^ , . .) — (aa + /.>/3 + cy + • ' • )^}A^ ^ 
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(vi.) the mean product of a(a' — a) + ^ (iS' — /3) + <^ (y' — y) + • • • and 

a' {a' - a) + 6' {^' - ^) + c' (r - r) + • • • IS 

{{aa'a + hV^ + coy + • • • ) "^ (^^ + 6^ + cy + • • • ) (<^<''<5t + ^'/3 + ^V + • • • )}M. 

(2.) Let X^, denote the mean ^th power of a {a — a) + & O' — ^8) + c (/' — y) + . . . 
The proportion of cases in which the numbers drawn from the different classes are 
p, q, r . , . , where p + 5" + ^ + • • • ~ ^5 i^ 

\p -\- (J -{- r + . . . ^ ^. 



P 2v 



Hence the mean kth power of cia + ^^' + cy' + ... is 

t^-^SSS . . . k±l±Z.±- a^/3Y . . . (ap + &? + or + ...)' 



IP ^ !^' 



. 11-' \k X coefficient of 6' in :SSS . . . i^ V "^ !'"""' " ""i^y . . • e(«^'+*^+"''-- -'^ 



F ? 



A1 
' • • • 



7'i.~* 



k X CO. ^* in ttt.. . ^iMJ:Z±^ (ae'^y. { fie' J. {ye'' f . . . 



'^\kx CO. 6' in (ae^^^^^ + ^e^'"'^ + ye''''' + . . .f. 

Denote aa + b^ + cy + ... hj w. Then, since a' + /3' -f- y + . . . = 1, 

a (a' - a) + & (/3' - /3) + c (7' - y) + - • 

— aot' + 6^' '{■' cy -jr ' . . — o) (a' + ^' + y' + • • •) 
= (a — w) a + (6 — cy) ^' + (c — o)) 7' + . . , 

Hence, writing* ce — &>, 6 — co, c — a>, . . . for a, &, c, . . . , in bhe above result, we 
see that 

X, = \kx coefficient of 6' in [ae^---^''' + ^e<^-)^/- + ye^--)^/- 4. ^ , .|.. 

§ 16. Tendency of Distribution to become Normal'— We have now to prove that, 
when n becomes very great, the distribution of values of a (a — a) + 5 (^' — ^) 
^ ^ (y -- y) -{-... . tends to become normal To do this, we can use either the 
geometrical or the statistical definition of the normal curve. Of the two methods, 
the latter is the simpler. 

(1.) Since the mean square of a (a — a) + 6 (^' — /3) + c (y — 7) + ... varies 
inversely as n, it is more convenient to find the distribution of 

■\/n [a (a' — - a) + h (/5' — fi) + c (y' — y) + . . . j. 
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Let the mean ^th power of this last expression be denoted by /x^., so that 

1^2 = {d^a + b^fi + c V + * * ^) — {^^ + &yS + cy + , . .f. 

By expanding the expression at the end of § 15, and writing n0 for $, we see that 
^, = n~^'\kX coefficient of &' in {1 + |/^2^^ + 0,6' + C# + , , .}% 

where Cg, C45 . » . are functions ofa,h,c^,..,a^fi,y,... Denote ^ij^2^'^+0^6^+C^6^+. . . 
by ©, and expand (1 + ©)'' by the binomial theorem. Then the highest power of n 
contained in /x^ comes from the term involving ®^^ when k is even^ or from the term 
involving @^<^~^^ when k is odd, Hence^ when n is made indefinitely great. 



n^ 



fi,, = n ' \2s X -^ {^li,y = H^ i^i 



\i ^^^^' ~ ¥[s 



i^2.+i =n -^-^ |2s + 1 X J- . s iiix^y-' 0^ = 



5, 



-/ 



and therefore the distribution is ultimately normal. 

It follows that the distribution of values of a (ot' — a) + 6 (/3' — ^) + c (7' — 7)+ . • « 
is also normal. 

It will be noticed that, when n is finite, the number of terms in /X2, or /x2,+i increases 
with s, and becomes infinite when s is infinite^ Thus the approximation of the 
actual distribution to the ultimate normal distribution is close as regards the low 
moments, n being supposed to be moderately great, but is not close as regards very 
high moments. The difference between the two distributions is therefore due 
mainly to the values of \/n {a {a — a) + & (/3' — ^) + c (7 — 7) + . . .} which are 
great in comparison with \/fji2. But these are values which only occur very rarely ; 
and therefore, for practical purposes, we may regard the two distributions as 
identical. 

(2.) To obtain the same result from the geometrical definition of the curve, we 
must use § 14. 

(i.) To find the distribution of values of \/n{a — a), we take a series of points 
Mo, Mj, . . . M,,, at equal distances l/\/n along a straight line X'X ; and then draw 
ordinates MqPo, M^Pi, . . . M,,P,, equal to the coefficients in the expansion of 
s/n {fix + a;y)'V where a + fi = 1. Thus 

where Gl stands for - — =^ — . Then, if n is increased indefinitely, the locus of the 



ipn — p 



points Po, Pi, . . , P^ will be a curve, which will be the curve of frequency of values of 
\/n (a — a). 
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To find this curve, take a second series of points Nq, Nj, . . . N.^^+i, also at equal 
distances l/\//2, and in such a position with regard to the former series that 



M.p_iN^, = a/\/n, 



N,M^ =:=^/^/7^ ; 



and at the points Nj, N2, . . . N.^ erect ordinates NiQi, N2Q2, . . . N^.Q,, (fig. 8) equal 
to the coefficients in the expansion of \/7i(/3x + ^y)'^"^' Thus 



IN pLl^^ 






Pig. 8. 



o 




p-i p 



M N 



-m?p 



These ordinates lie in the successive intervals between the ordinates MqPo, M^Pi, 
. . . M,,P.^, ; and it is easily shown that N^Q^ (except where it is the maximum 
ordinate) is intermediate in magnitude between M^3_iP^,^i and MP. Also we have 



^.N,.Qp + /3.N,,,,Q,_, ^ V /2.a^^/3^'^-^ (C]::} + qr^) - s/n.aJ^^-^Ql = M^P,. 



But NpMp : M^N^+i : : ^ : a; and therefore P^ lies in Q^,Qp+i. 
the limit, Q^Q^+i becomes the tangent at P^,. 
Let QpQ^+i meet X'X in T^. Then 



It follows that, in 



M P N O — N O 

x>j.^x^ ±-\^\c^^ iy^j^i\^ 



i?+l^'f)4-l 



MT 



N,„N 



p-^^P+l 






Hence if we choose the point O so that 



we have 



\/n, OM^ := --- not -\- p = pl3 -- (n — p) a, 



OM^.M,,T^ = aj3: 



^ When n is not infinite, the relation OM^,.M^T^ = a/B shows that, if 2 denote any one of the family 
of normal curves of parameter 2Vcc/3 having their median at 0, the sides of the polygon N0Q1Q2 . . 
VOL. CXCIl. A. R 
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Now let ti become indefinitely great, the point remaining fixed. Then this 
relation holds all along the curve which is the limit of the polygon PqPi . . . P.^, and 

therefore this curve is a normal curve of parameter 2\/a/3^ having its central ordinate 
at O. The mean value of a is found by putting OM = 0, which gives a = p/n = a. 

Thus the values of \/n {a — a) are distributed normally with mean square 
a/3 := ce(l — a) about a mean value zero; and therefore the values of a — a are 
distributed normally with mean square a (1 — a)ln, 

(ii.) Next, consider the distribution of values of a' — a when certain other errors, 
as ^' — y8 and y — y, have particular values. This distribution is found by taking 
an indefinitely great number of random selections, each containing n individuals, and 
isolating those sets in which the numbers drawn from tlie classes B and C are respec- 
tively n/3' and ny. From the principles of random selection it follows that the distri- 
bution of values oi a — a in these sets is the same as if we made random selections of 
n {1 -^ 1^' ^ y) individuals from that portion of the community which does not involve 
B and C. Of this portion of the community, the class A forms a part denoted by the 
fraction a/(l -»» ^ — y). Hence the values of na\ the number coming from A, are 
distributed with mean square n {1 —-^'--^y') x ^(1 -^ a — ^ — y)l{^ ^^ ^ ~^ y^ 
about a mean value n (1 — ^^ — y) X ajiX -- ^ — y). So long as /3' — /3 and y — y 
are small in comparison with ^ and y, this is equivalent to saying that the values of a 
are distributed with constant mean square about a mean value a (1 -^-^'~-^y')/(] ^^.^y"^ 
=: ct — X (/3' — ^) -- X (y'"""" y)j where X = a/(l — /3— y). Thus the distributions of ot^— a, 
/3' — ^, y — y, . , , are normally correlated ; and therefore, since the separate distri- 
butions are normal, the values of a {a — a) -^ h[fi^ — fi) -j^c(y' — y)+ <> • • are normally 
distributed. 

Since this argument only applies when a — «, ^^ — ^, y •-- y^ . , . are small, the 
result is subject to the limitation pointed out in (1) (above)* 

§ 17, Probable Error and Probable Discrejjancy.—liet X be any magnitude which 
is determined by observation of the ratios a\ fi\ y\ . . . Then X can be written in 
the form /{oc, /3', y'\ . . .). Now suppose 7i to be very great. Then the values of 
a' — a, ^^ — ^, y -— y^ . . . are distributed normally with mean values zero and mean 
squares a(l — ct)/7i, ^(1 —^)/n, y (1 — y)ln^ » » . ; and therefore it may be supposed 
that in any particular case the values of a — a, ^' — ^, y —- y^ ... will be very 

Q».^^n+i ^^^6 the same slope at the points P1P2 . . . P„+i as the respectiye curves 2 which pass through 
those points. Professor Karl Pearson has arrived at a different result Q Phil. Trans.,' A, vol. 186 
(1895) p. 357) bj forming the polygon P^Pg . . . P^+i and finding the " slope " at the middle points of its 
sides. There is of course no discrepancy between the two results, since they deal with different polygons, 
and with points having different relative positions on these polygons. The curve found by Professor 
Pearson becomes the normal curve when n is made indefinitely great. 

To prevent misunderstanding, it should be pointed out that, in either case, the slope of the polygon 
at the points in question is not the same as the slope of any one curve of the family considered. 
Professor Pearson's statement {op. cit., p. 356) as to the existence of a close relation between the 
binomial polygon (for a =. ^) and " the "normal curve seems to require some qualification, 
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small. Thus X is of the form f{oc,l3,y.. .) + /^(a'-«,) + /^(^'-^) + /^(/-~ y)+ . . . ; 
and therefore, by § 16, its mean value is f{ot. /3, y, . . .), and the different possible 
values are distributed normally about this mean value with mean square 



; 



(«/; + /8// + 7/7 + ...)- « + ^f, + 7fy + -- ■y}/n. 



If we denote the expression in curled brackets by cr^, the quartile deviation from the 
mean is Q(T/\/n, where Q is the deviation of the quartile ordinate from the central 
ordinate in the standard normal curve (:::::::: '67449 approximately"^). 

The applications are of two kinds. In one class of cases X is a 'Vfrequency- 
constant " whose value is required. Its observed value f (a, /3\ y\ . . .) differs from 
its true value y (ot, ^, y, , . .) by an error due to the paucity of observations, and 

Qor/\/n is then the probable error. In the other class of cases the theory is applied 
to the testing of any hypothesis w^ith regard to numerical statistics. The difference 
between the observed and the calculated values of X is a discre^pancy , and we test 
the hypothesis that this discrepancy is due to paucity of observations by comparing 
it with the probable discrepancy Qla-j^^n. If the comparison is made for several 
different values of X, we ought to find that for about half of them the discrepancy 
(zz: cZ) is less than the probable discrepancy (= q), and that, amongst the remaining 
values, d is in no case a very large multiple of g. The following considerations will 
enable us to determine whether, in any particular case, the values of dlq_ are or are 
not greater than we might reasonably expect. 

Let the different values of a magnitude S be distributed normally, with quartile 
deviation g, about a mean value zero ; and let m values be taken at random. Then, 
if the area of the standard normal figure lying between the ordinates at the points 
a; = — pjq and a; = + pjq is <^, the probabihty of one at least of the values of S 
being numerically greater than /) is 1 — ^"'. If we choose ^ so that this probability 
may be equal to ^, the corresponding value oi p may, by analogy with the '' probable 
error,'' be called the probable limit of 8. The following table gives the values of pjq 
determined by this condition, for values of m from 1 to 20t : — 



"tn 


pk 

1-000 


"in 


pk 

2-375 


')n 


1 

Pk 


: 


pk 


1 


6 


11 


2-777 


16 


3-009 


2 . 


l-5o9 


7 


2-481 


12 


2-832 


17 


3 046 


3 


1-874 


8 


2-570 


13 


2-882 


18 


3-080 


4 


2-088 


9 


2-648 


14 


2-928 


19 


3-112 


6 


'2-248 


10 


2-716 


15 


2-970 


20 


3-142 



* 



The value of Q to 20 places of decimals is "67448 97501 96081 74320, and its logarithm to 



~ 1 2 27 29 201 230 

13 places is 1-82897 53543 532. The successive convergents to Q are --• ? -ttj t^ > -r:. ? 



2 3 40 43 298 341 ' * * * 
t For larger values of m, the value of />/g may be taken as equal to that given by Ohauvenet's 
criterion for the rejection of one out of m/log^ 4 + f observations. 
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If m values of X were observed, and if the discrepancies were independent, it 
would be an even chance that in one case at least the ratio of the discrepancy to the 
probable discrepancy would exceed the value given by the above table. As a 
matter of fact, the discrepancies are usually correlated ; but, if we bear this in mind, 
the table may be used to decide whether the greatest value of the ratio is such as to 
negative the hypothesis under consideration. 

For calculating Qar/\/n, in either class of cases, it will not always be necessary to 
express o-" in terms of a, ^, y, . . . [f the value of X depends solely on the values of 
certain frequency-constants, and if 9, 77, 6, , . , are the errors in these frequency- 
constants, then f{oL\ j3\ y\ . . .) —/(a, /3, y, , . .) may be written in the form 
k^ + ^^ + ^''^^ + • • • The errors 9, 77, ^, . . . being of the form a [a! — - a) -f & (/3' — yS) 
+ c (y' •— y) + . , ., their mean squares and mean products can be found ; and thence 
the mean square of lz<^ + ^>? + ^^'^^ + . » . can be obtained by the general formula 
given in § 12. The expressions for tiie mean squares and mean products of the 
errors in frequency-constants of certain particular forms will be found in §§ 18 
and 19. 

The true values of a, y8, y, . . ., or of the frequency-constants on which X depends, 

are not known; and therefore, in calculating Qa/^/n, we can only use the observed 
values oi , ^\ y', . . . But, n being great, the mistake so introduced in (^ajx/n is 
small in comparison with (^(tIs/u itself In general, it is sufficient to determine 
(^c/Vn within about 1 per cent, of its true value. It wall therefore be found 
simplest to calculate or^jn, and then to take out the corresponding value of Qcr/\/n 
from Table V. (p. 159). This table gives Qv^N, for any given value of N, within 
from '8 to '08 per cent, of its true value. 

§ 18. Error in Mean, Mean Square, do. — Let the mean value of a measure L (in 
an indefinitely great community), and the j.9th power of the deviation from the 
mean, be denoted by Li and X,, respectively. Also let the actual values of L be 
Lj-f 0^1, Li + a^2, L]+^3? . • • ; ^^nd let the relative frequencies of these values be Zy, %, 
;2., . . . Thus we have tz = 1, %zx = 0, tzx'' --- \y Now let a random selection of 
n individuals be made, and let the numbers for which I. has the values Lj + x^, 
Li + iTs, Li + •'^ib . • •. be respectively n {zy + e^), n (z. + e..), n {z^ + 63), • • • Then 
(§§ 15, 16) the mean value of A^e^ + A2€2 + A363 + . . .=tAe is zero ; its mean square 
is [tAh — {tAzf]/n ; the mean product of tAe and B^e^ + 6262 + BgCg + . , . = tBe 
is {tABz — tAz.tBz)ln; and, n being supposed to be great, the values of tAe or of 
SBe are normally distributed. 

Hence we obtain the following results : — 

(i.) The calculated value of Li is Li + {x,e, + x^e^ + x.e^ +.».)- Thus the error 
in Li is Xi€i + x^e^ + x^e^ + . . •, and therefore this error is distributed normally 
with mean square {Xzx'^ — {l^zxf}ln = X^jn. 
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(11) Denote the error in Li by o). Then the calcula,ted value of X^, is 

and therefore the error in X^, is 

Hence this error is distributed normally with mean square 

\tz{xr -pX^, ^ .xf - {tz{x^ -2^K - 1^)]']/'^ = (K -■ 2pX^, ^ , X,,^i+ p'X^.i X2 — kl)/n. 
In particular, the mean square of the error in X2 is (X4 — XT)/n, 

(ill.) The mean product of the errors in Li and in X^ is 

{tzx (x^' — j^K-i ^) "^ %zx.%z {xl' — |>X^3_i x^Wn = (X^,+i — p\-\ ^'^jn. 

In particular, the mean product of the errors in the mean and in the mean square 
of deviation is X3/71. 

(iv.) The mean product of the errors in X^, and in X^ is 

{tz (x^' — 2^\j~i ^) (^'^ — q\-i ^) — S^ (^^ — pK-1 ^) • S2: {^^^ "- q\-i x)]jn 

§ 19. Error in Class-Index, — Let the values Li + Xi^ Li ~j- x^, Li + ^a • • • • 5 in 
§ 18, be supposed to be in order of magnitude. Lj + x^ being least ; and let X be any 
possible value of L, not coinciding v^dth any one of these actual values/^ Let 
the two classes for which L is respectively less and greater than X be denoted by 
C and C, and let the numbers in these classes be in the ratio of 1 + a : 1 — a ; then a 
will be called the class-index of X for classification according to values of L. Its 
value ranges from — 1 to + 1. 

If a representative selection of n individuals were made, the numbers coming 
from the two classes would be % ™ 1 7^, (1 -j- a) and ^2 :^ |-n (1 — a); so that 
a ':=z {ni — n^^j[ni + n^. Suppose however that the selection is a random one^ the 
errors being as in § 18. Then, if we take X as lying between X,. and X,,+i, the 
observed value of a is {z^ + e^) + (^2 + ^2) + • • • • + (^r + e,) — {z^,^^ + e,,+i) — ...., 
and therefore the '' error '' in a is ej + ^2 + • • • . + ^r •— ^r+i ■—.... Hence : — 

(i.) By considering the division of the community into the two classes Q' and 0, 
we see from § 15 (i.) and (ii.) that the error in 01 is distributed normally with 
mean square (1 -— a^)ln about a mean value zero. 

* This limitation does not introduce any difEculty in the case of continnons variation, since the 
frequency of any single value is then indefinitely small. (Cases in whicli the curve of frequency has an 
infinite ordinate are excluded from consideration.) 
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(ii.) Let /3 be anottier class-index. The lines of division corresponding to these 
two class-indices divide the community into three classes, whose numbers are pro- 
portional to quantities Zi, Zs, Zg, where Z^ + Z2 + Z3 = 1. From § 15 (iii.) it will 
be seen that the mean product of the errors in a and in /8 is 

iZiZ^/n = {(1 — a/3) ™ (a ^ ^)}/^. 

(iii.) Let the values of %zx^ for the classes C and C be respectively d^ and v^^, so 
that v^ + v'p =■ \p. Then it will be found from § 15 (vi.) that the mean product of the 
errors in a and in Lj is — {vi -— v^/n ; and that the mean product of the errors in a 

and in X^ is 

— [{v^, — Vp) — {vi — vi)p^p^i + aXp}/n, 

The following table shows the general results obtained in this and tbe last section ; 
for convenience, the divisor n is omitted throughout. 





Li 




\ 




^ 


Li 


\, 




\+l ■"■'- P\-1^2 




(^1 ^i) 


\ 






Xgp ™ 2j3X.p+,x^„i + p%^i\ ^; ■ 


I _ J 


OL 


— ^ 


\-\-'r 


- fx^„i\_^tl g.\ + 1^9-1 + pq\-i\~~i\ ' 


w 


V 

(Similar expression) 






1 a' 








{l-~al3)-~{a^P) 



§ 20. Mean Squares and Products of Fyrrors in Case of Tivo Attributes, —-Let M 
be the measure of a second attribute, Mi its mean value, and /x,^ the mean g^th power 
of the deviation from the mean ; and suppose that each z in § 18 denotes the pro- 
portion of individuals for which L and M jointly have certain specified values. Let 
Sp^g denote the mean value of (L — Li)^' (M — Mi)'^^ so that S^,^o = \^ ^%a = y^r 
Then it will be found that the error in S^^^ {i.e., the error produced by taking 8^,^ as 
equal to the average of 03^' 3/'^, where x and y are the respective deviations of L and M 
from their averages for the n individuals) is of the form ^Ae, and therefore is dis- 
tributed normally ; its mean square being 



\tz{x'Y-p^p-^i,,^ - 9^p,9~iyf - {tz{x^Y -p^P-h,^ - q^P,,-iy)V]/^ 
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Let X and Y be the values of L and M corresponding to class-indices a and y8 ; 
and let ^(1 — x) ^^ ^^^® proportion of individuals for which L exceeds X and M 
exceeds Y : thus ^ i^ necessarily greater than either a or /3. Let the constituent 
parts of S^,,^ corresponding to -| (1 — y) and |-(l + x) ^^ ^v.q. ^^^^ ^m I'^spectlvely, 
so that, if a representative selection of N individuals is made, the value of 
^ (L — Li)^ (M — Mi)^ for the |-N (1 — x) individuals for which L exceeds X and M 
exceeds Y is N o-^^ ^, while for the remaining ^ N (1 + x) ^^ ^^ -^ ^k r Then it can be 
shown by the methods of §§ 18 and 19 that the following tables give the mean 
products of the errors in the quantities concerned, the divisor n being omitted :— - 





L: 


X, 


^p,q 


1—1 


Si,i 


^^^, 1 ^'^7-1^^1,1 


^P,q+l F^p-l.q^l.l ^^p,q~l/^2 


P-ra 


Si,m W^m-lSi, 1 


S;, w ^\~^\,m '^'^^l,lPm-l 


+ 'mqf('m~l^p,q^l/^2 f^m^p,q 


S,.. s 


6?S,.^s_l&l^l. 


+ l'^\-.i^r,sSl,l \^r,8 


^2i+r,q+s P^p~l,q^r+1,8 9.^P, q-l^r, s+1 

+ prS^-l, q^r~l, s\ + qrSp, g-1 S,-i, , Si, 1 
pS^jj_l^ ,jb^, s-l^l, 1 4" q^^p, q~l^r, 8-1^2 
^p, q^^r, 8 


X 


■— (o'l.o — ^i,o) 


-{(^^0 ^i.o) ^ViCo^i.o «'i,o) + X^i} 


{(''p.q ""P.q) P^P~l,q(^l,0 «-!. o) 
^Si>,g-l(^0,l O-O.l) + X^p,q} 


a 1 


^ • ., ) 


V 

(similar expressions) 





X 


CC 


13 


X 


l-x' 


(1 - x) (1 + «) 


(1 - x) (1 + (3) 


a 


\ 


1 a? 


1 + a + /3 — a/3 2x 


p 






1-^^ 



Suppose, for instance, that we are considering the error in Si^ i/V'Ki^2 = ^^. 
Let the errors in X2? ii^ Sj^ 1, and in p^ be 0^ </>, and xjj respectively ; then the error 
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in y^ is (•— ^72X2 + 4^/^1,1 — \lj/2iji2) k. For the mean squares and mean products of 
6, cj), \//, we have the table— 



Xi] 



^1.1 



/*2 



X. 



Xh 



x^ 



'1,1 



^3, 1 — ^'2^1, 1 



s 



2,2 



02 
^^-'l, 1 





/^2 


, 


r-:~r=:;-^:=-:— --—----::.. .:r:::_::i--:;;; -. r --i 




^2, 2 -^2/^2 




^1,3 /^2^1, 1 




/"4 /4 



from which it will be found that the mean square of the error in h is 



4X 



+('^+ 



1 



^1. 1 -^^2/^2/ 



) S2, 2 + 



;^, 1 



4/^1 ^Si, 






r^. 



§ 21.— 7^5^ 0/ Independence of Tivo Distributions. — For an illustration of the 
application of the theory of error to testing statistical hypotheses, let us teike the 
case of two independent distributions. The criterion of independence of the distri- 
butions of two measures L and M is that, if a denotes the proportion of individuals, 
in the complete community, for which L lies between any two values L' and U\ and 
if ^ denotes the proportion for which M lies between any two values M' and M^'^ 
then the proportion for which both these conditions are satisfied is afi. Hence, in 
order to test the hypothesis of independence when n individuals have been obtained 
by random selection, we must arrange them in a table of double entry, thus :— ~ 



Valaes of L. 


Yaliies of M. 


Total. 


M' to M". 


M" to M'". 


&C. 


L^^toL"^^^ 

L" to L'" .... 


• 
• 


77.12 

%2 

^i2 


&c. 


n 


Total . . 


9.1 


o iS « a • 



then form a new table by dividing each number in this table by n, so as to show the 
proportions in the different classes ; and then consider whether the discrepancies 
between these proportions and the corresponding proportions in a table showing 
independent distribution are such as might be accounted for by random selection. 
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Let the following table represent the proportions, in the oiiginal community, of 
the individuals specified : — 



Values Op L. 


Values 


5 of M. 


M" toM'". 


Remainder. 


T/toL" 


V 


V" 


Remainder .... 


v 


Y'" 



and let xf;, f , f ', xjj'"' be the errors in V, Y\ Y'\ T\ Thus n,^ = ^ (V + ^), 
Vi = ^^ (V + V" + t// + f ^), ^, =z ^ (V + V' + t// + f ). If the distributions are 
independent, V=:(V+VO (V+V) ; i.e. (since V+V' + T'+V==: 1), VT"=VT^ 
Hence (since t// + i/;' + i/;'' + r//'' = 0) 

= ^ {(Vt// + vf ") - (vy + vvoi- 

By § 15 (v.) it will be found that the mean square of this discrepancy is 
72 VV' = 7^V'V ; and therefore the '' probable discrepancy " is Q \/nTW' 
= Q vnV'Y^'. By calculating this expression for each number in the table, and 
comparing the actual discrepancies, as 71^2 — Piq^/'i^, with the values so obtained, we 
have data for deciding as to the validity of the hypothesis of independence. 

The following example of a case in which, on a priori grounds, we should expect 
to find independence, will serve as an illustration. The table is compiled from a 
list of school-teachers who passed a ceitain examination. 



List. 


j 


First letter of name. 




Total. 


A-D. 


E-J. 


K-R. 


S-Z. 


Men 

Women, 1st j^^ear .... 

„ 2nd „ . 


166 

427 
549 


174 
379 
493 


180 
411 

577 

1168 


164 
366 
492 


684 
1583 
2111 


Total .... 


1142 


1046 


1022 


4378 



By multiplying each total of a row by each total of a column, and dividing each 
product by n = 4378, we get the " calculated " table 
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178-4 


163-4 


182-5 


159'7 


413-0 


378-2 


422-3 


369-5 


550-6 


504-4 


563-2 


492-8 



showing discrepancies in the actual table amounting to 



- 12-4 

1 


+ 10-6 


-- 2-5 


+ 4-3 


+ 14-0 


+ 0-8 


— 11-3 


- 3-5 


- 1-6 


— 11-4 


+ 13-8 


— 0-8 



If nY represents any number in the calculated table, the corresponding values of 
nY^'' will be found to be 

2730-4 2811-4 2708*5 28317 
2066-0 2127-2 2049-3 2142'f) 
1675-6 1725-4 1662-2 1737*8 

Multiplying each number in this table by the corresponding number in the 
*^ calculated'' table^ and dividing by 4378, we get the values of f?.VV^^' 



111-26 


104-93 


112-91 


103-29 


194-90 


183-76 


197-67 


180-83 


210-73 


198-79 


213-83 


195-61 



Whence, from Table V. (p. 159) the probable discrepancies are 



7-1 


6-9 


7-2 


6-9 


9-4 


9-1 


9-5 


9-1 


9-8 


9-5 


9-9 


9-4 



The ratios of the actual discrepancies to these probable discrepancies are 

- 1-7 + 1-5 - 0-3 + 0-6 
+ 1-5 + 0-1 ^ 1^2 — 0*4 

— 0-2 — 1-2 + 1-4 — 0-1 

Thus six out of the twelve ratios are numerically less than unity, and six numeri- 
cally greater, while the greatest ratio is well within the probable limit (§ 17). The 
hypothesis of independence in this case is therefore justified by the data. 
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Part III.— iVppuoATioN to Normal Distihbutions. 

I 22. Probable Errors in Mean and in Semi-parameter by Different Methods.— It 
the values of a measure L are known to be distributed normally, the distribution is 

* The method of this section is an extension of the ordinary method (used largely by Professor Lexts 
^nd Professor Edgkworth) for testing the "stability of sfcatistical ratios," 



ERROR TO CA8ES OF INFORMAL DISTRIBUTION ANJD CORRELATION. 13 1 



determined when the mean value Li and the semi-parameter a are determined. 
When the values of L for n individuals obtained by random selection are given, the 
values of Li and of a can be found in either of two different ways. 

(1.) We can find the average and the standard deviation (square root of average 
square of deviation from the average^) of the n individuals. The average will differ 
from Lj by an error whose mean square (§ 18 (i.)) is €?ln^ so that the probable error 

of Li as found in this way is (^al\/n\ and (§18 (ii.)) the square of the standard 
deviation will differ from a^ by an error whose mean square is (X4 — ^^jn = 2a^/n (§ 5) ; 

so that the probable error in a will be Qa/\/2n. These are familiar results. 

(2.) The other method is that which has been mainly used by Mr. Galton.I' 
Let a and ^ be any two class-indices, and let X and Y be the corresponding values 
of L in the complete community. Then, if x and y are the abscissae corresponding 
to class-indices a and y8 in the standard normal figure (i.e., if ordinates at distances 
X and y from the central ordinate divide the figure into areas whose ratios are 
1 + a : 1 — a and 1-4-/3:1-/8 respectively), we have 



Whence 





X Ti, + ax 




Y — L, + ay^ 


L. . 


- (;«Y - yX)\{:x 


a, = 


= (X - Y)/(x - 



> 



• • O-)' 



-y)\ 



(ii.). 



Now let f and 77 be the errors in the observed values of X and of Y; ^.e., let a and ^ 
be the class-indices of X + f and Y + 7; in the collection of n individuals. Then, if 
we deduce the values of Lj and of a from (ii.), the resulting errors are '-'{y^—xyj)/{x—y) 
and {^ -- yj)/{x — y) respectively. Now the errors ^; and 77 are due to errors — 2z^la 
and — Izy^ja in the class-indices of X and Y, where z and / are the ordinates of the 
standard normal figure corresponding to abscisea3 x and y ; and therefore (§ 19) the 
mean squares and mean product of ^ and tj are a/ {I — a^)llnz^, a^(l — /3'')/4:nz\ and 
a^{{l — aP) — (a ^ /3)]/4:nzz\ Hence the probable errors in Li and in a, as found 
from (ii.), are respectively Q.E/x/n and Q.H/^^^ where 



Fr 



cr < 






(ce — 7/)' 4zz' 



a 



/3) 



+ 



,x — 11/ Az'- 



~\ 



w = 



a' 



(pi - yf 



1 



oc 



4s- 



2 l^JZ^"^) - (« 



4s/ 



■^ 4,4'- 



y 



. (iii.). 



J 



^ it seems convenient to use tbe term ''standard deviation" in this sense, as denoting a quantity 
which has a defiuite value for the particular data. 
t Galtok, ' Natural Inheritance,' p. 62. 

B 2 
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(3.) As an extension of tiiis last result, let X, Y, U, . . . be values of L correspond- 
ing (in the complete community) to class -indices a, ^,y, , . , ^ and let the corresponding 
abscissae in the standard figure be x, y, u, , . . Then X =: Li + ax, Y = Li + ay^ 
U = Li + mi^ . . . ; and therefore 



Li = (TK. + '^>^Y + pU 4" • • ) / (^ + '^^ + F + • ' •) 
a = (Z'X + mY + i>'U + ...)/ {Vx + my + p'u + • • •) 



(i.), 



where I, m, p . . .^ l\ m\ p' » - * are any quantities which satisfy the conditions 



Ix + my + pu + , « . = I 

r 4" ^' + p ' + • « - = 







vi*/' 



Suppose that we fix on the values of a^ ^^ y^. . . beforehand^ and choose I, m, p^. . »^ 
l\ m\ p,... to satisfy (ii.), and then observe the values of L whose class-indices in 
the collection of n individuals are a, /3, y, « . * If the errors in these values are 
^3 1^5 ^5 , . ,, the resulting errors in Li and in a will be {li+ mt] -^-pO + - •) /(^ + '^^ +i^ + • • • ) 
and {V^ + m'r) +i>'^ + ...)/ (I'x + ^^V + P'^ + « - ') ? ^^^ therefore the probable 
errors in Li and in a, as deduced from (i.)^ are Q. E / \/n and Q.H / \/n^ where 



E'^ 



laU 



-■——■■-'-— ~~" ' — I. ,1U,', V.^.mtmi.,,— Bimy— ■ iL-«...,.«r,U,-l. .1 I II ■ 1. liui™i~-™ ■ ||lJl iftlHW 



z"' 



2hn {(1 - a/3) -{a^ /3)} 






> /{I -^ m -{- . . . )" 



/ 



I V 



4> 



a- 






~w \ 



S. 



z 



lc\'' 



\Cf, 






2S 



hih (a --^^ ^) 1 / 



> 



tVrV 



/'a Y 



2S 



/'»ft' (a -^ 0) 



zz 



(tiy 



( ^v X ) 



J 



S 4 



(iii.). 



For any particular values of a, ^, y, . , «, the values of I, m, p, * * ., I' , m ,p , . . . can 
be chosen so as to reduce E^ or H'^ to a minimum. 

§ 23. Relative Accuracy of the Different Methods.—'N ow let o) and p be the errors 
in Li and in a as obtained by the average-and-average-square method; ie., the 
errors due to taking them as equal to the average and the standard deviation of the n 
individuals. Also let the class-index of X^ in the n individuals, be a + ^, the true 
class-index of X being a. Then, with the notation of § 19, the mean values of mO 
and of 2ap6 are respectively — {vi — - v\)/ n and — {v2 — ^'2 + ^"^) / ^- But, by § 5, 
p^ = az, vi = — az, 1^2 = i (1 — «) ^^ + ^^^^? ^'2 = i (1 + ^) <^^ "~" <^^^^« -^l^o the 
error f in X is due to the error 0, and is equal to — a0 / 2z, Thus we have the 
following table of mean squares and mean products of errors, the divisor n, as 
usual, being omitted :— 
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and thence 





Ii 


a 


X — (Lj + ax) 


L, 


a' 








a 





\a:' 





X — (Li -f- ax) 








a^(l~ ^2) / 4^2 _ ^2 _ i^^2^2 



The true value of ^ — {hi -^ ax), of course, is zero; so that the '^ error" in 
X •— (Li + <^^) is the difference between X as determined by direct observation of 
the value whose class-index is a, and Li + ax, as determined bj calculating the 
average and the standard deviation. This error is ^ — (o) + ^p) ; and therefore, if 
we write ^ = w + ^/> + ^^ the last table shows that the mean products of cu, p, 
and ^, taken in pairs, are zero. Hence we deduce the following conclusions :■ — 

(1.) The mean square of ^ is greater than the mean square of a> + ^^p.""' Hence, 
if we fix a class-index a, corresponding to abscissa x in the standard normal figure, 
and if X denote the unknown value of L whose class-index is a, the probable error 
in X as obtained by direct observation is greater t than the probable error in the 
value obtained by calculating the average and the standard deviation, and deducing 
X from the formula X = Li + ax. The following table, for instance, gives the 
probable errors in certain values which are often chosen for exhibiting the frequency- 
constants in any particular case :— ' 



^ This shows that a^ (1 — a-)/4^^> a^ (1 + |a?^). Hence, if OH is the central ordinate, and MP 
any other ordinate, of a normal figure of parameter 20-, and if Ai and Ag are the areas into which the 
figure is divided by MP, the product Aj Ag is greater than MP^ (a^ -f ^ OM^). 

t The result, of course, only holds when we know that the distribution is normal. When we know 
nothing about it, the value corresponding to any particular class-index can only be obtained by direct 
observation. 
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Yalne of L. 



Median 
Qnartilos 



Deciles 



Value of d. 



•0 

rt o 

— 1~ o 
— t— . *— ' 



Probable erroi' in L 
bv direct observation. 



'84535 al s/n 

'91908 ajx/n 

•85528 al ^n 

'SSmi a-l^n 

•96869 al ^n 

1-15298 ajs/'n 



1 

Probable error by 


Ratio of 


. averag-e-and-averao-e- 


probable 


square method. 


errors. 


'67449 aj s/n 


1-25 


•74728 aj^'n 


1-23 


•68523 «/ v/t^" 


1-25 


•71937 al^n 


1-24 


'1MS9 aj^n 


1-23 


•91023 a/ y« 


1-27 



(2,) If we take Li as equal to the average for the n individuals, and find X and Y 
by observing the values of L whose class-indices are a and ^ respectively, the mean 
square of the resulting error in Lj — (;r Y — ^ X) /(cc — ;?/) is 

d-jn — 2 (^ tr/n •— y a^/n) j {x —- y) + E^^ = (E" — a^)jn, 

where E^ has the value given in § 22 (2.) ; and similarly, if we take a as equal 
to the standard deviation of the n individuals, the mean square of the error in 
a ^ {^ ^ X) / {x — y) is (H" — ^d^)/n. Hence E*^ and H^ are respectively greater 
than d and | d" ; in other words, the probable errors in the values of Li and of a as 
determined by the formulse (ii.) of § 22 (2.), are greater than the probable errors in 
their values as determined by the avei-age-and-average-square method of § 22 (L). 
If, for instance, a = — /3 = db g? so that the observed vahies are the two quartiles, 

the probable error in Li as determined by (ii.) of §22 (2.) is '75043 ajy/n, which is 

11 per cent, greater'^^' than the probable error '67449 aj^n due to the average-and- 

average-square method ; and the probable error in a is '78672 aj^n, which is nearly 

65 per cent, greater than the probable error '47694 aj^/n due to the average-and- 
average-square method. 

If we are unable to calculate the average and the standard deviation, we should 

* When the quartiles are observed, it is also usual to observe the " median," for which a == 0. If 
we take the arithmetic mean of the median and the two quartiles, the probable error due to taking 
this as the value of Li is reduced to '72736 aj ^n, which is less than 8 per cent, in excess of the 
probable error due to taking the average. If X and Y are the quartiles and M the median, it 
may be shown that the best result from these data is obtained bj giving to -^ (X + Y) and M 
weights in the ratio of 2 (exp. — | Q^) — 1 : (exp. ^ Q^) — 1, and the probable error in the mean is 
then [I- Qa ^A / {1 — 2 (exp. — ^ Q'O + 2 (exp. — Q'O}']/ v'*'^- The first two convergents to the above 
ratio are 2 : 1 and 7 : 3, so that { 7 (X + T) + 6 M}/20 is a slightly better value than (X + Y + M)/3. 

I have assumed that the quartiles, &c., are found by actual observation. But there is reason to 
believe that their values are sometimes obtained by faulty methods of interpolation. This does not 
affect the magnitude of the probable error, but it affects the calculated values of Li and of a. 
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choose a and ^ so as to make the values of E" and of IS? as small as possible. It is 
obvious that one of the class-indices must be positive and the other negative. 
Suppose a to be negative, and equal to — y ; then it will be found from Kramp's 
tables that E'^ is a minimum when /? and y are each taken a little greater than '459, 
the probable error in the mean being then •74951 a/\/n, which is about the same as 
the probable error due to using the quartiles ; and that W^ is a minimum when 
^ and y are each taken a little less than '862, the probable error in the semi-para- 
meter being then '59055 a/\/n, which is about 25 per cent, less than the probable 
error due to using the quartiles, but nearly 24 per cent, greater than that due to 
the average-and-average-square method. 

(3.) Suppose the values of the mean and of the semi-parameter to be found by the 
extended class-index method of § 22 (3.). Then, with the notation used above, the 
errors in the observed values of X, Y, U, . . . are of the form w -f- ;X'p + ^j ^ + 3/p + ^? 
(w + ?ip H~ X? • • • where (j>^ xfi, x-^ - - - ^^^ errors whose mean products with cd, and also 
with p, are zero. Substituting in (i.) of | 22 (3.), and taking account of (ii.), we see 
that the resulting errors in Li and in a due to this method are respectively 

(o -f {li^ + '^^ + PX + • • ')/{^ + ^^ + P + • • •) 
and 

p -|-. Q^fj) ^ fyi'xfi -j- PX + • • *)/{i^oc -j- m'y + 2^'u -f- . . .). 

Hence if <^^/n and ^^'^/n are the mean squares of 

(1(1} -|- m^^ 4" PX + • • ')/Q "t*" ^^^ + p + . . .) 
and of 

(Vcj) + vixjj -f PX + • • »)/{l'x + my + i^'^^ + •••)' 

the mean squares of the errors in Li and in a, due to the u^e of the class-index 
method, are {a? + *^)/7i and (| a^ + ^'^)ln. Since these are necessarily greater than 
a?jn and \ a^jn respectively, the probable errors in Li and in a due to this method 
are greater than the probable errors due to the average-and-average-square method. 
In other words, we cannot, by observation of the values corresponding to particular 
class-indices, obtain such good results for Li and a as by calculating the average and 
the standard deviation. "^^ 

(4.) Generally, let R be any quantitj'- which would be known if the true mean and 
mean square of the distribution were known ; let Ri be the value obtained by taking 
the mean and mean square as equal to the average and the average square for the n 
observations, and let R2 be the value obtained by any other method involving obser- 
vation of the class-indices of any finite number of values of L, with or without the 

* Professor Edgiworth's contrary statement (' PML Mag./ vol, 36, 1893, p. 100) appears to be based 
pn neglect of the correlation of errors. 
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s 



use of the average and the average square. Let ©fM and ©2/^2 be the mean square 
of the erroi^s in R as determined by the two methods. Then it may be shown that 
the mean square of the error involved in taking pRi + (^^2 as the value of (^^^ + <?) R 
is {{p'^ + 2pg)©? 4" (f®l}ln = {(p + qf%\ + 5^ (©1 — ®i)}M Since this must be 
positive, it follows, by taking p -^ q =. Q^ that %% must be greater than %\ ; and 
therefore Ri gives a better value of R than R2. By taking p = ■— g = i: 1 we see 

that the quartile of Rj ^ R2 is Q (©2 — • %ff/\/n. 

§ 24. Test of Hypothesis as to Normal Distribution.— To test whether any par- 
ticular distribution is normal, we use the result obtained at the beginning of the last 
section. Having found the average and the standard deviation of the n individuals, 
we calculate Lj + ax, the value which should correspond to class-index a. The 
difference between this and tlie observed value X is a discrepancv whose mean 
square is a^ {{1 — a")/4:Z^' — (1 + |^^)}M ^^ that the probable discrepancy is 
Qa {(1 — c(?)/iz^ — (1 -|. lx^^y|^yn ; and the actual discrepancy has to be compared, 
for as many values of x as possible, with this probable discrepancy. 

Suppose, for instance, that we take the chest -measurements of Scotch soldiers, '"'■ to 
which QuETELET refers in the work quoted above 



Chest-measurements, to the nearest inch, of 5,732 Scotch soldiers. 



Incites. 


Number. 


Iiiches. 


Number. 


83 


3 


1 ' 

41 


935 


34 


19 


42 


646 


35 


81 


43 


313 


36 


189 


44 


168 


j 37 


409 


45 


50 


38 


753 


46 


18 


39 


1062 


47 


3 


40 


1082 


48 


I 

1 



The values of the average and of the standard deviation cannot, of course, be 
calculated exactly; as the most probable values we findt Lj = 39'8489 inches, 
a = 2*05301 inches. Thus we ^et the following^ results :— • 



^ ' Bdinburgb Medical Journal,' yoI. 13, pp. 260-262. Quitelet made some mi>stakes, wMcb I have 
corrected, in transcribing tbe figures. 

t The formula for calculating tbe standard deviation has been given by me in a paper "On the 
Calculation of the most Probable Values oi Frequency- Constants," in vol. 29 of the ' Proceedings of the 
London Mathematical Society ' (p. 353). 

The values given in the text are obtained by a first approximation. A second approximation might 
be made by assuming that the data represent the result of a random selection from the normal 
distribution given by the first approximation; but this correction would not alter any discrepancy 
shovrn in the table by as much as 1 per cent.j and it may therefore be omitted. 
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1 q 



7 



^ , , . , — — —-—■■■■" ■- 

Value of L. 


cc. 




32-5 


-1-00000 




33-5 


-0'99895 




34-5 


0-99232 




35-5 


0-96406 


-2-09762 


36-5 


0-89812 


1-63579 


37-5 


0-?5541 


1-16359 


38-5 


--0-49267 


0-66301 


39-5 


-0-12212 


-0-15366 


40-5 


-f 0-25541 


+ 0-32578 


41-5 


+ 0-58165 


+ 0-80928 


42-5 


+ 0-80705 


+ 1-30190 


43-5 


+ 0-91626 


+ 1-72938 


44-5 


+ 0-97488 


+ 2-23952 


45-5 


+ 0-99232 




46-5 


+ 0-99860 




47-5 


+ 0-99965 




48-5 


+ 1-00000 





Li + ax. 



35-5425 

36-4906 
37-4600 
38-4877 
39-5334 
40-5177 
41-5104 
42-5217 
43-3993 
44-4467 



Discrepancy. 






+ 



0425 
0094 
0400 
0123 
0334 
0177 
0104 
0217 
1007 
0533 



Probable 
discrepancy. 



•0442 

•0263 
•0177 
■0145 
•0138 
•0139 
-0150 
•0195 
•0290 
•0525 



Ratio of actual 

to probable 

discrepancy. 



096 

0-36 
2^26 
0-85 
2-42 
1-27 
0-69 
1-11 
3-47 
1-02 



The extremities of the range are not considered, as the vakies of |n(l + ^) or 
^n{l — a) are small when a is nearly equal to ± 1; so that the law of normal distri- 
bution does not hold with regard to the errors in these values ; and, moreover, z is 
changing rapidly, so that f is not exactly proportional to 0, For the ten values 
considered, the actual discrepancy is less than the probable discrepancy in four cases, 
and greater in six ; and for nine of them the ratio of the two is within the probable 
limit (§ 17). The remewning ratio is ratlier large (3-47) ; but otherwise the data 
appear to justify the hypothesis of normal distribution. 



* The values of q:. sbown in this column correspond to tlie fractional values of cc given by tbe data 
(— 2763/2866, — 2574/2866, &c.)j not to tbe nearest decimal values as sbown in the second column 
(-•96406, --89812, &c.). 

The quantities shown in the hnal column are the ratios of the quantities given in tbe preceding 
columns. If these were taken to the fifth pJace of decimals, the last figure in some of the ratios mio'ht 
be altered; but it is not necessary to make sach exact calculations (§ 17). 

t It should be remembered that when the probable discrepancy is small, the possibihty of errors of 
scale must be considered; thus an inaccuracy of one-hundredth of an inch in a division of the scale 
near 40 inches would make an appreciable difference in the ratio of the actual to the probable discrepancy. 
Also it should be noted in the present case that the observed individuals came from different parls 
of Scotland, so that the "original community" was really heterogeneous; and it is likely that the 
measurements in different regiments were taken by different observers, with different personal 
equations, and were not taken with as great care as would be observed at the present day. On the other 
hand, as the exact measurements are not given, but only the measurements to the nearest inch, the 
values of L^ and of a are fitted more closely to the class-indices than they should be ; and the probable 
discrepancy should therefore be slightly less than that given by the theoretical formula. 
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Part IV.— Application to Normal Correlation. 

(1.) Correlation-Solid of Two Attributes, 

§ 25, Correlation-Solid in General.-— Let tlie values of L and of M, the measures of 
two coexistent attributes A and B, be distributed in any manner whatever. Let 
Li and Mj be the means, and d^ and W the mean squares of deviation from the mean. 
Then we know that the mean value of (L — Li) (M — Mj) is less than ah. Let 
this mean value be ah cos D ; then the angle D will be called the divergence of the 
two distributions. 

Take two lines OX, OY, including an angle tt — D, and on OXY as base-plane 
construct the solid of frequency of values of (L — L|)/a sin D and (M — Mi)/6 sin D, 
these values being measured parallel to OX and OY respectively. Thus if we draw 
Ox at right angles to OY, and Oy at right angles to OX, and if on Ox and Oy 
respectively we take ON' = x\ OW^ = x'\ and 0)i! = y\ On' ^=^y'\ then the 
portion of the solid included between planes through W and N^' at right angles to 
ON'N'' and planes through n and n^' at right angles to Onn' includes all the 
elements representing individuals for which L lies between Li + ax and L^ + ^^"^\ 
and M between Mj + hy and Mi + hy\ This solid will be called the correlation- 
solid of the two distributions. The ordinates are supposed to be measured on such a 
scale that the total volume of the solid is unity. 

Let L' === ZL + mM, M' =^ Vh + m'M, and let the means, mean squares of devia- 
tion, and mean product of deviation of L' and M' be respectively L'l, M'l, a\ ?>'^ and 
cih' cos T)\ Then 

L' :=^ lU + -mW,, M! == VL, + m'M^, 

d'^ 1=^ Jhr + 2lmah cos D + mW% 

h"^ :=:^ Pd^ + 2Vni ah cos D + m'W^ 

dh' cos D' :=:: IVo} + [hi + Vm) ah cos D + mmlr. 

Let WR be any ordinate of the correlation-solid, the co-ordinates of W Avitb 
regard to OX and OY being x cosec D and y cosec I) ; and let dx = lax + mhy, 
Vy' ^ Vax -f Quhy. Then WR is proportional to the number of individuals for 
which L ^ Li + ax and M = Mj + %? and therefore it is proportional to the 
number for which II = L'l + aV, M' =: M\ + &y. Through draw the lines 
OY', OX^, whose equations referred to OX and OY as axes are lax + ^^% — 0, 
Vax + m'hy = ; and draw WN parallel to Y'O, meeting OX' in N (fig. 9). Then 
ON sin X'OY' -^^ {lax + w.hy)/{Pa^ + 2lmah cos D + mW}^ := x ; and similarly 
NW sin X'OY' :== /. Hence the sohd is the solid of frequency of values of 
(U - L'i)/a' sin X'OT and (M' -- M^)/6^sin X'OY', these values being measured 
parallel to OX' and OY' respectively. Also 
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cos (tt — • X'OY^) = {IV a^ + (^^' + I'^ntfab cos D + mm^W} 

I {{Pa^ + 2hnah cos D + m%^) (Pa^ + 2Vm!ah cos D + 'W^^&^)}* 

and therefore X'OY' = ir — D^ Hence the solid is the correlation-solid of the 
distributions of IL + mM and Vli + "m'M^ OX' and OY' being taken as axes. 

Thus the correlation-solid of the distributions of L and M is the same as the 
correlation-solid of the distributions of Ih + ^^M and TL + w'M, where l^ m^ l\ m' are 
any constants whatever/^ 

Fig. 9. 







It may be noted that if Dx and Dg are the divergences of the distribution of ZL+mM 
from the distributions of L and of M, we have D =; Dj + Dg. Or^ generally, if the 
divergence may be supposed to be either positive or negative, and if L, M, N are 
measures connected by a linear relation ^L + '^^^ + ^?N = 0, their divergences 
D, D', D'^ from one another are subject to the relation D + D'^ + D'' = 0. 

I 26. Correlation-Solid for Normal Distributions, — (i.) Now suppose that the 
distribution of L is correlated with that of M, i.e., that the values of M are 
distributed normally with mean square ¥, and that for any particular value of 
M the values of L are distributed normally with constant mean square /3^ about 
a mean value Lj + ^ (M — - Mi), where X is a constant. Then (| 14) we may write 
L -— Li = X (M — Ml) + L'j where L' is a measure whose values are distri- 
buted normally with mean square /3^ about a mean value zero, this distribution 
being independent of that of M. Hence the mean square of L — Li is K%^ + ^\ and 
tbe mean product .of L — Li and M — Mi is X¥ ; so that, if a^ is the mean square of 
L — Li, we have X = a/5 » cos D, fi^ = a^ sin^ D. Thus for any particular value of 
(M — Mi)/6 sin D the values of (L — Li)/a sin D are distributed normally with mean 

* We niiistj of course, allow for the possibility of two solids, wliich really are identical, appearing to 
be tlie " reflexions '^ of one another. 
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square unity about a mean value {(M — Mi)/6 sin D} cos D, Hence the correlation- 
solid is a projective solid whose vertical sections by planes parallel to OX are normal 
figures of semi»parameter unity ; and since the values of (M — Mi)/6 are distributed 
normally with mea,.n square unity^ the sections by planes at right angles to OX are 
also normal figures of semi -parameter unity ; i.e.^ the correlation-solid is the standard 
normal solid. 

(ii.) By taking vertical sections parallel to OY^ we see that the values of 
(L — Li)/a are normally distributed, so that the values of L are normally 
distributed ; and that in any class distinguished by a particular value of L the 
values of M are distributed normally with mean square h'^ siii^ D about a mean 

value Ml + — cos D , (L — Li)« In other words^ if the distribution of L is correlated 

a 
with that of M^ the distribution of M is correla.ted with that of L. 

(iii.) Conversely^ if the correlation-solid of two distribuuons is the standard normal 
solid, the distributions are normal and normally correlated, 

(iv,) We have already seen (§ 14) that when the distributions of L and of M are 
normally correlated^ the values of TL + mM are distributed normally. We might 
obtain this result directly by the method adopted at the beginning of § 13. In 
the base-plane draw the lines whose equations^ referred to OX and OY as axes, are 
la sin D . .T + mb sin D ,y =^ f,, and la sin D . ^'^^ + mb sin D . 3/ = 4- Then the 
vertical planes through these lines will include between them the elements repre- 
senting individuals for which I (L — L|) + m (M — Mj) lies between fi and ^2- Draw 
the central vertical plane at right angles to these planes, cutting the two sections 
in the ordinates WiRi and W2R2' Then the number of these individuals is pi-o- 
portional to the area W1R1R2W25 i.e., it is proportional to the area of the standard 
normal figure included between ordinates at distances ii/{Pa^ + 2lmab cosD + ^^r^^}' 
and ^2.j{l^c\f' + 2lmah cos D + mW]^ from the median; and therefore the values of 
ILi + mMi are distributed normally with mean square Pa^ + ^I'inab cos D + ^^^^ 
about the mean value Ihi + wMi, 

(v.) Since (§25) the correlation-sohd of the distributions of IL + mM and of 
rh + mM is also the standard normal solids it follows (see (iii,) above) that these two 
distributions are normally correlated. 

§ 27. Determination of Divergence by Double Median Classification.— The portion 
of the solid which lies on the positive side of each of the two planes OZY and OZX 
(OZ being the axis of the solid) represents all the individuals for which L and M are 
greater than Li and Mi respectively ; and the portion which lies on the negative side 
of OZY and the positive side of OZX represents those for which Lis less than Li and 
M greater than Mi. But, since the solid is a solid of revolution, these volumes are in 
the ratio of ir — D : D. Hence, if we arrange the whole number of individuals in 
four classeSj thus :-— 
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Below Lp 


Above Lp 


Below M'l . . 

i 

\ 

Above Ml . . 

i 


P 


R 


R 


P 



the diversfonce is equal to 



R 



P -h R 



TT. 






I 28. CalcMlation of Table of Double Classification, — -In the base-plane draw Ox, 
Oy at right angles to OX, OY^ and therefore including an angle D. In O.'^ take 
ON = (X — Li)/a, ON' = (X' — Li)/a ; and in Oy take On = (Y — Mi)/6, 
On = (Y' — Mi)/6. Through these points draw vertical planes at right angles to 
Ox and Oy respectively ; then (§ 25) the volume of the portion of the standard solid 
included between these four planes represents the proportion of indidduals for which 
L lies between X and X' and M between Y and Y'. 

The calculation of this volume requires the use of the integral calculus. For a 
rough calculation we may use either of two methods.. 

(1.) The planes by which the volume is bounded will meet the base-plane in lines 
forming a parallelogram, two of the sides of the parallelogram being at right angles 
to Ox, at distances (X — Li)/a and (X' —- Lj)/a from O, and the other two at right 
angles to Oy, at distances (Y — Mi)/6 and (Y' — Mi)/6 from 0. Now suppose that 
the base-plane is divided up into very small areas such that the portions of the solid 
lying above these areas are all equal. Then the ratio of the number of these areas 
which lie inside the parallelogram to the total number will be the proportion of 
individuals for which L lies between X and X', and M between Y and Y^ For 
effecting this division of the base-plane into small areas we can use either of the two 
characteristic properties of the normal solid. 

(i.) The solid is a projective solid. Hence if we find the values ofx corresponding 
to a = ± 1/m, a == i: 2lm, . « . a = ;J:: (m •— 1 )/m, and if we take the corresponding 
points on each of two rectangular axes ^'0^, r^'Or) in the base-plane, and draw 
lines through these points parallel to ij'O-^ and to |'0f respectively, the two sets 
of lines will divide the base into 4m^ areas, corresponding to the division of the solid 
into 4m^ equal portions. Fig. 10 shows the arrangement of these, lines for m = 50 ; 
thus the figure contains 10,000 rectangles (one or two of the sides of some of them 
being at infinity), and each rectangle represents 1/10,000 of the whole volume of the 
solid. The centre O of the figure is shown by a small circle. The larger circle is 
introduced to show the scale ; its radius is the semi-parameter of the solid, and is 
therefore the unit for measuring the distances (X — L)/a, &c. 

The values of x corresponding to m = 100 are given in Table VI. (p. 167) ; so that 

* This formula obyiouslj applies in any case in wMcli the correlation-solid is a solid of revolution. 
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by means of this table we can divide the base into 40^000 areas, each representing 
I/4O5OOO of the whole volume. To simplify the counting of the areas, every tenth 
Hne should be drawn in ink, the others being in pencil ; a dot should be placed in 
each area, and the pencil lines should then be erased. There will thus be 400 larger 
areas, each containing 100 dots. It will be found convenient to replace the circle 
shown in fig. 10 by a larger graduated circle ; if the radius of this circle is p, and if 
Oe^ cuts the circumference of the circle in F, the line at right angles to Ox at a 
distance x from will cut the circumference in pohits at an angular distance cos"^ x/p 
from F, 

The lines Ox, Ot/. &c., may be shown on tracing-paper^ instead of on the figure 
itself; and the paper may then be turned round into two or three dlfiferent posi- 
tions, so as to minimise inaccuracies of counting. Or the figure may be copied on to 
a glass plate/ and the lines Ox, Oy, &c., drawn on ordinary paper. 

(ii.) The solid is a solid of revolution, and therefore can be divided into mwi equal 
portions by a set of m planes through the central ordinate at successive angular 
distances 2iT/m, and a set of concentric cylinders enclosing portions l/m', 2/m\ 
, , . (m^ — l)/r}i of tlie whole volume. Let the rth cylinder cut a central section in 
the ordinate MP. Then, if OH is the central ordinate, r/m' = (OH — MP)/OH 
(§§ 5, 11). Hence the radii of the successive cylinders are the abscissae of the standard 
curve corresponding to ordinates whose ratios to the central ordinate are respectively 
(m' — l)/m\ (m' — 2)/m\ . . , Ijm. Thus for m =100 the values are given by 
Table H. (p. 155). 

This method of division of the base-plane is not so convenient as the method 
explained in (i,), but it may be used for testing the accuracy of a figure constructed 
according to that method. If on such a figure we draw circles with the radii given 
by Table II., each of the rings so formed should contain one-hundredth of the total 
number of dots in the figure. Or, if we draw circles with radii '05. *10, *15, . . . , the 
numbers in the successive rings should be proportional to the differences shown in the 
fourth column of Table I. 

(2«) A more accurate method can be adopted when the values of X and X^, and 
also those of Y and Y', have been chosen so as to correspond to particular class- 
indices. Let these be a, a\ ^, and ^^ respectively, and let the corresponding 
abscissa) of the standard normal figure be x^ x\ y, and y\ Thus (X — Li)/a = x, 
{T -- Li)/a ^ x\ (Y - M,)/b = y, (Y^ ^ M,)/& '= ^/« Now if, by the method of 
1 11, we construct a figure representing the division of the standard, solid by parallel 
vertical planes at distances x and x from. OH, and also a corresponding figure for 
distances y and y\ the bases of the two figures being in the same straight line, and 
the distance between corresponding extremities being equal to D/27r of either base, 
the area formed by the two pairs of curves will give the proportion of individuals for 
which L lies between X and X', and Y between Y and Y^. The most important case 
is that in which the class-indices for each distribution separately correspond to the 
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division of the comiiimiitj into p numerically equal classes. The table of double 
classification of values of L and of M will then contain j^9^ compartments ; and if we 
draw the figure corresponding to the division of the standard solid into p equal 
portions by parallel vertical planes^ and shift this figure along its base through a 



Fig. 10. 




distance equal to D/27r of its whole breadth (the part of the figure which projects on 
one side being superposed on the other side, so as to leave the whole breadth 
unaltered), we obtain a diagram with p" compartments; whose areas are proportional 
to the numbers in the corresponding compartments of the table of double classifica- 
tion. 
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Suppose, for instance^ that p = 10. If Xi, X25 . . . Xg and Yi, Yg? • • • Y^ denote 
the '* decile " values of L and of M respectively, the table of double classification 
will be of this form :— 



Values of M, 



Values of L. 



•— 00 io Ml . 
Mj to M2 
M2 to M3 

jjtg uO JjJ j_ . 

M, to Mg . 

Mg to Mg 

Mg to M7 

M7 to Mg 

JM-g vO Vnl-2 , 

Mg to + OD . 



« • 



fr » 



GO 



to Lp 



(00) 
(10) 
(20) 
(30) 
(40) 
(50) 
(60) 
(70) 
(80) 
(90) 



Li to 


Lj to 


L,. 


Lj. 


(01) 


(02) 


(11) 


(12) 


(21) 


(22) 


(31) 


(32) 


(41) 


(42) 


(51) 


(52) 


(61) 


(62) 


(71) 


(72) 


(81) 


(82) 


(91) 


(92) 



Lg to 



(03) 
(13) 
(23) 
(33) 
(43) 
(53) 
(63) 
(73) 
(83) 



1j^ uO 

JUg. 

(04) 

(14) 

(24) 

(34)" 

(44) 

(54) 

(64) 

(?4) 

(84) 

(94) 



L5 to 



(05) 
(15) 
(25) 
(35) 
(45) 
(55) 
(65) 
(75) 
(85) 
(95) 



Lg to 



(06) 
(16) 
(26) 
(36) 
(46) 
(56) 
(66) 
(76) 
(86) 
(96) 



Lj to 
Lo. 



(07) 
(17) 
(27) 
(37) 
(47) 
(57) 
(67) 
(77) 
(87) 
(97) 



Eg to i Jjf) to 

La. I H- 00. 



(08) 
(18) 
(28) 
(38) 
(48) 
(58) 
(68) 
(78) 
(88) 
(98) 



(09) 

(19) 
(29) 
(39) 
(49) 
(59) 
(69) 
(79) 
(89) 
(99) 



The corresponding portions of the standard solid will be bounded by planes whose 
intersections with the base-plane will form a ^^plan^^ such as the following (fig, IV^') :— 



Fio'. 11. 



•' 0/ 



00 



fO >' // .'' f2 / A3 /A 

' ,^- — -,<■ j> 



^ 1/ / "" / y '^ J 









60 / 6/ / 62/ 6Sy&f/65/66/ 67 /l 63 



r 



70 



/ 



^■'—/ ,. 



' 7f / 7£ , ' A5 / 74/75 / 76 / 77 



/ 



7 



80 / 8/ / 62 



.jt^ 



Z_.-^ 



/ 



/ 



/. 



/ 



^O / S^ /Si/ S3. 
/ / / 
/ / / 



/ 



/ 



/ 



/ 



/ / / / 
7 / / 



/ 7 



/ 



/ 7 /' 7Y / 





776 



69 



/ 



^ae /i^'/^ 86 / m 



39 



7S 



and the volumes of these portions are equal to the one hundred compurtmtuits ni 
the diagram formed by shifting fig. 7 (omitting the alternate curves, which eoiTespond 
to the values '1, 'S, '5, '1 , and '9 of a) through the required distance. 

* 111 tliis figure, as in fig. 10, tlie base-pkine is supposed to be seen from above. In fig% 9 it ia seen 
from below. 
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Fig. 12 shows the form of this diagram for the case of D -:=::: ^tt, so that it is 
produced by shifting fig. T from right to left through one-eighth of its whole breadth. 
The dotted hnes in fig. 10 (p. 143) show the position of the corresponding planes 
dividing the standard solid into 100 portions ; the angle between the two sets of lines 

Fig. 12. 



^M 



55 




is \tt (or Itt), and the distances of the lines in either set from the foot of the central 
ordinate are respectively '25335, '52440, '84162, and 1*28155, the radius of the 
circle shown in the figure being the unit. If instead of dividing up the base-plane, 
as in fig. 10, in the manner explained in (1.) (i.) above, we had divided it up by 100 
radial lines and 99 circles as explained in (1.) (ii„), these Imes and circles would 
become vertical and horizontal straight lines dividing the diagram (fig. 12) into 
10,000 equal squares. 
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For practical applications of this method, it is sufficient to have the single figure 
as shown m tig. 7. The corves representing the displacement of the figure through 
the distance D/27r can then be traced by means of a double-barred parallel rule 
or a,n antigraphy But it is better to draw the curves directly from Tables III. 
and IV.* 

§ 29. Differential Relation of V and D.—het V denote the proportion of individuals 
for which L exceeds X, and M exceeds Y« Then V is the volume of the solid 
lying on the positive side of the vertical planes drawn through N and n {§ 28) at 
right angles to ON and On respectivelyc Let the sections of the solid by these 
planes intersect in the ordinate WR ; and let them meet the base-plane in the 
straight lines NWij and 72'Wi respectively. 

Let Y — V denote the value which V would have if the divergence, instead of being 
D, were D + ^5 the values of ON and On being unaltered. This alteration in the 
value of V might be obtained by keeping ON and 'Etj fixed, and rotating On and 
7ii about OZ tlirough an angle 9, Now suppose that 9 is very small Then fche 
consecutive positions of the vertical section through n^ will intersect close to the 
ordinate at n ; and therefore v is the volume obtained by rotating the area W R|* 
about the ordinate at n through an angle 9, Hence, for a first approximation, we 
have V ™ WR.^ (§ 5). 

We might have obtained this result by considering the alteration, due to tlie 
change of I) into D + 9, o{ the diagram constructed in the manner explained in the 
last section. The area which is equal to V is bounded by the base and by two curves 
intersecting at a point whose height above the base is 2ir« WR ; and the decrement 

V is obtained by shifting one curve laterally through a distance 9/2it. Hence 

V =: WR.ft Let the two curves, at their point of intersection, be inclined to the 
base at angles coj and (Oo, Then it will be seen that for a second approximation we 
liave V := WR. ^ + -|- sin wi sin 0)2 cosec {a)i + oy^^^{9/"27r)\ 

The ordinate WR is the ordinate, for abscissa {;,r — 2xy cos D + y^f cosec D, of 

*^ It has been suggested that the one set of curves might be drawn on a boa.rd or stiff card, and the 
other on a thin sheet of some transparent substance {e.g,, of talc), which could be slipped across the face 
of the card. This, however, might require the curves to be drawn on too small a scale to be really 
useful. 

Table III. can be used for drawing the curve corresponding to any value of a not given in the table. 
If and X are the abscissae of the standard curve corresponding to class-indices a and a^jthe equations to 
the corresponding curves of the divergence-diagram are ^r=:exp(—|a?^sec^27r^) and 0'==: exp(— |^c'^^sec^27r^). 
Hence, for any particular value of 6?, we have log z'jlogz = x!^'lx^. The value of z being given by the 
table, the value of z' may be deduced by means of an ordinary slide-rule and a pair of proportional 
compasses. 

The methods described in the text can be extended to the problems which occur in the theory of the 
error in the position of a point in a plane (as in Bravais' memoir, referred to by Professor Pearson), 
Thus the condition that the point lies within an area limited by the curve / {x, y) :=. is found by 
taking the curve S of § 11 to be the curve whose equation, referred to axes including an angle tt — D, 
is/ (xlashiD, y/h sin D) = 0, and then counting the dots or measuring the corresponding cylinder-area. 
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the normal curve of semi-parameter unity and central ordinate l/27r (area :=^ l/v2ir) ; 
where x - {X -- 'L^)la, y = {Y -- 'M,)/b. 



Applications of the Theory of Error. 

§ 30. Prohable Error in Vahie of Divergence, as Obtained by Different Methods.— 
Let the distributions of L and of M be normally correlated, the means, mean squares 
of deviation, and mean product of deviation, being Li, Mj, a^, &^, and ab cos D. 
If a random selection of n individuals is made, the divergence can be found by any 
one of several different methods. We require to find the probable error in D, due 
to the use of each method, 

(1.) Suppose that we take the averages, average squares, and average product, as 
equal to the means, mean squares, and mean product for the complete community. 

The general expression for the resulting probable error in cos D ^ Sj^ i / v^2l^2 '^^^^ 
been found in § 20. To find the values of 83^, 82,2? and 81,3, in the case of normal 
correlation, we write L — Li ^ (a/b) cos D.(M — Mi) + L' ; then M — - Mj and JJ 
are independent, and their mean squares are respectively W and a^ sin^ D. The 
mean fourth power of M — Mi is 36'* ; and thus we find S3, 1 == 3a^6 cos D, 
82,2 == <^^b^ (1 + 2 cos''^ D), 81,3 = i^aV cos D. The table in § 20 becomes 



i 

1 
i 
1 


X2 


^1.1 


/^2 


X.2 


2a' 


2a^& cos D 


^d^W COS 2 D 


Sl,l 





a'y (I + cos^^ D) 


^aW cos D 


/^2 




2h' 



and hence we find that the probable error in D, due to adopting this method, 
is Q sin D/s/'^n. 

(2.) Let D be determined by the method of § 27. Let the medians as given by 
the data be respectively L'l and M\, and let the result of the double median 
classification be 



! 
1 


Below L'j. 


Above LV 


Below M'l . . . . 




P' 


Above M'l . . . . 



so that n = 2(P'+ R'). Let P 



n (it — D)/2t7, R = «D/27r ; and let the classifi- 
u 2 
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cation of the observed individuals with regard to the true means of the complete 
community be 





Beiow Lp 


Above Lj. 


Below Mj . . . . 


(D) 

P — ^ — — Y^ 


(C) 

R + V' 


Above Ml ... . 


(B) 

E + 


(A) 
V + 



Then the erroneous values L'l and M\ are obtained by shifting the medians so that 
this table may present the appearance of the former table. Thus Li is shifted so as 
to transfer ^ •+ ^ individuals, and M, is shifted so as to transfer 6 + cj). In the first 
case the particular individuals are in the class for which L =:^ Li (to a fi.rst approxi- 
mation) ; and the median of M for this class is at Mi, so that half of the + ^JJ are 
put from class (C) into class (D), and half from class (A) into class (B). Similarly 
half of the 6^ + <^ are put from (A) into (C), and half from (B) into (D). Hence 



and the error in D is 



1 TT ((^ + i//) / (P + R) -= 71 (<;!> + t/;) / 71. 



This error is distributed with mean square D {rr — D) / n ; and therefore the probable 
error in D as obtained by tlie second method is Q\/I) (tt — D) / s/n. 

This probable error is of course greater than the probable error due to using the 

method of (1.), since \/.D {w — D) > sin D. 

(3.) Suppose that, instead of taking the medians, we fix on any two class-indices 
a and /3, and divide the total community into four classes (A), (B), (C), and (D) by a 
double classification with regard to the corresponding values X and Y of L and M 
respectively, thus : — ■ 





Below X. 


Above X. 


Total. 


Below Y . . . . 


l(a + 13) + V- V" 


(0) 
i(l„a)_V_ V" 


i (1 + /3) 


Above Y .... 


(B) 

i (1 - /3) - V - V 


(A) 
V 


i (1 - i3) 


Total .... 


i(l+a) 

. . . 


i (1 - a) 


1 
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The value of V is different for different values of D. But, if x and y are the 
abscissae of the standard normal figure corresponding to the class-indices a and ^, it 
is easily seen that V depends solely on x, y, and D. Hence, if we choose a and ^, 
and observe V, D is (theoretically) determined. 

Let the errors in the values of X and of Y be | and ^. Then the observed value 
of V is the proportion of individuals for which L exceeds X + £ and M exceeds 
Y + '^. L^t the actual nubmers coming from the four classes (A), (B), (C), and (D) 
be ti (V + i/;), n (T+ ^% n (V"+ i//"), and n {W + f '') ; thus i// + f + f + f " = 0. 
Let the areas of the sections of the standard solid by the planes NWRt; and nWB,^ 
(§ 29) be r and A^ and let these areas be divided by WR in the ratios of 
1 + y : 1 — y and 1 + 8:1 — 8 respectively. Thus T and A are equal to the ordinates 
of the standard figure corresponding to abscissae x and y (class-indices a and ^) ; 
while y is the class-index of Y in the class for which L =: X, and 8 is the class-index 
of X in the class for which M = Y, these being the class -indices corresponding to 
abscissae [y — x cos D)/sin D and {x — y cos D)/sin D in the standard figure. 

The erroneous values X + |^ and Y + '^ are obtained by transferring n {\jj + ^^') 
individuals from (A) and (C) to (B) and (D), and n {-ijj + i//^) from (A) and (B) to (C) 
and (D). The first transfer takes place (to our order of approximation) in the class 
for which L == X, and the second in the class for which M = Y ; so that the propor- 
tion appearing to fall in (A) is 

V + ^ ^ X (1 ^ y) (^ + ^'') -^ 1(1 ^ 8) (^ + ^') 

= V + i(l+^)4(l4.S).^^i(i + y).i(i^S).^' 

-i(l-7).i(l+S).r+i;(l-y).i(l-S)r 
= V + ^. 

Let WR = Z. Then the error ^ in V produces (§ 29) an error — '^/Z in D, and 
therefore the probable error in D, as determined by this method, is 

Q . © / \/n, 
where 



®^^-L^-Z''l{Y{l+y.l+8f+Y'{l + yA-Sy+Y''{i^yA + 8f+Y''\l-^yA-8^^^ 



- {V.l+y.l + S^VM+y.l~-S"--VM--y.l+S + V'M-~-y.l-S}^^]. 

Since Y + T + V" + V"^ =1, V + V' = ^ (1 -- y8), V + V" = i (1 «- a), this 
probable error can be expressed in terms of V, a, ^, y, 8. But the above is the most 
symmetrical form, and the most convenient for calculation. 

(4.) By taking a number of different values of a and ^, and observing the 
corresponding values of V, we get a series of values of D ; and then we can take the 
weighted mean of these, the weights being assigned in such a way as to make the 
probable error a^ small as possible. 
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§ 31. Relative Accuracy of the Different Methods.— 'Bj means of § 5 it may be 
shown thatj with the notation of § 20 and § 30 (3.)^ 



CTl, = 
(To, 1 "-: 

<^2, ^ 



a (I r (1 — y) + I A (1 — 8) cos D}, 

6 ("I r (1 — y) COS D + ^ A (1 — S)}, 

a'{ V + Z sin I) cos D + | r (1 — y) x + | A (1 -- 

a&[Vcos D + Z sin D + i r (1 — y) x cos D + i 

¥ { V + Z sin D cos D + |- r ( I — y) x cos^ D + -|- 



- S) y cos^ D], 
A (1 •— S) ;?/ cos I)} 
A(l -^ S)y}, 



Thus from S 20 we have the following" table 





Li 


M, , 


a 




b 


D 


Y 


Li 


a^ 


(26 COS D 








a {i r (1 "" 7) + i A (1 "»" f3) cos D} 


a 
h 


h' 











Mir (1-^0^) cos D + iA(l™»^)} 




ia^ 


^ ah cos^ D 


— |- a sin D cos D 


■g a {Z sin D cos D + -I- P (1 -— 7) m 

+ lA(l-^a) ^cos^D} 

i5{ZsinDcosD + ^r(l 7)a?cos^D 




2 ^ 


— ■ 1 b sin D cos D 
sin^ I) 


D 




_« — >___„..^ — 






^[Zs^n^D + ^^P (1 7) x 

+ ^ A (1 ^ ^) y} sin D cos D] 


Y 










Y(1™~VJ 



Let the errors in Li, Mi, a^ h, D, be o), a)\ p, p\ 6. The error in V is t/^ ; if we 
write this =: -|r (1 — y) (o) + xp)la + 1^ (1 — §) (w' + yp)l^ — Z^ + </>, then it may 
be shown by the above table that the mean products of ^ with co, &)', p, p\ and 6 are 
zero. By writing in the one case A = Ojy=~ljZ = 0, and in the other V =z 0, 
8 r= — 1^ Z == O5 we see that t// + i/;^' and ^ + \\/ are of the forms F (co + xp)la + -^ 
and A (ce)' + yp)lh + x'? where the mean products of ^ ^^ X with w^ w'^ p, p\ and ^, 
are ^ero (cf. § 23). Hence we obtain the following results :— - 

(1.) Suppose that we fix on definite values X and Y of L and M., and that we 
require the proportion of individuals for which L exceeds Xj and M exceeds Y. If 
we determine L^, Mi, a, b, and D from the averageSj average squares, and average 
product, and then calculate the value of Y^ the resulting error is |-r(l— -y) 
(o) + xp)/a + ^ A(1 — 8)(w' -f- yp)/b — Z0. The mean square of this error is less 
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than the mean square of \jj, the error in V as obtained by direct observation f' and 
therefore we obtain a better result for V by the calculation than by observation. 

(2.) Suppose that we fix on particular class-indices a and jS, and that we require 
the corresponding value of Y. The error in V, as determined by calculating the 
averages, average squares, and average product, is — Z6 ; while the error for direct 

= — Z^ + <^ — J (1 "*" y) X "" i (1 "^ ^) x'- Sii^ce the mean products of <;&, x^ X with 6 
are zero, the mean square of this last error is greater than the mean square of — ZO. 

This result, of course, is identical with (1.) ; for if the observed class-index of X' is 
a, we may consider that we are observing either the class-index of X' or the value 
of L corresponding to class-index a, 

(3.) If we determine D by tlie method of § 30 (3.), the resulting error is 

— Z"^^ {</> ~" 2 (1 "^ y) X "" i (1 — S) x'}* ^^^^ mean product of 6 and ^ — -I (1 — y)-^ 
— 1(1 — S)x is zero; hence the probable error due to the method of § 30 (3.) is 
greater than that due to the method of § 30 (1.). 

(4.) Similarly, if we take the weighted mean of a number of different values of D, 
as in § 30 (4.), we shall still get an error of the form ^ -j- ^, where the mean 
value of 6^ is zero. Hence, if the averages, average squares, and average product 
can be determined, the value of D so obtained cannot be improved by direct obser- 
vation of the values of V corresponding to selected pairs of class-indices.t 

(5.) Generally, let R be any quantity which would be known if the true means, 
mean squares, and mean product of L and M were known. Let Rj be the value 
obtained by taking these as equal to the averages, average squares, and average 
product, for the n individuals ; and let Eg he the value obtained by any other 
method involving observation of the numbers occurring in any set of classes deter- 
mined by a finite number of class-indices of L and Mj with or without the use of the 
averages^ average squares, and average products. Let Sl/n and Sl/7i be the 
mean squares of the errors in R as determined by the two methods. Then the pro- 
positions stated in § 23 (4.) hold good. The theorem may be extended to the case of 
any number of mutually correlated attributes. 

§ 32. Test of Hypothesis as to Normal Correlation.~To test whether the distri- 
butions of L and of M, in any particular case, may be regarded as normally correlated, 
we use the method of § 24, with the necessary modifications. 

(1.) With the notation of § 31 (5.), let R denote the proportion of individuals for 
which L exceeds X and M exceeds Y, the values of X and Y being fixed beforehand. 
Then, writing ■|r(l -— y)==A, |-A(l — S) = B, we have 



^ This shows that V(l - V) is greater than A^ (1 + ^x^) + 2AB (1,+ |a37/cos D) cosD + B^ (1 -f l^/') 
+ (Ax + By) Z sin D cos D -f Z^sin^ D, where A = ^ T (1 - 7), B = ^ A (1 - «5). 
t Gf. Kakl Pearson, in *Phil. Trans.,' A, vol. 187 (1896), p. 265. 
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©2=: A^(l + i^') + 2AB{1 + i a^3/ cos D) cos D 

+ B^ (1 + i:y^) + (^^ + By) Z sin D cos D + Z^ sin^ D. 

©2 =. V (1 •- V). 



Thus the ^'discrepancy" is the difference between V as calculated by finding the means, 
mean squares, and mean product, and V as found by direct observation ; and the 

probable discrepancy is Q (@| ■— @lf/-vn. 

In adopting this method we are testing both the normal distribution of each 
measure separately and also the normal correlation of the two distributions ; and 
therefore it is not necessary to test first whether the separate distributions are 
normal. 

(2.) Suppose that we are satisfied that the separate distributions are normal, and 
that we require to test whether, on this assumption, they niay be regarded as 
normally correlated. Then R, in §31 (5.), will denote the proportion for which L 
exceeds the value found to correspond to class-index a, and M exceeds the value 
found to correspond to class-index ^. The discrepancy is (| 30 (3.)) the difference 
between the errors — Zd and t// — |- (1 -- y) (i/; -f- t|/") ^ i (^i ^ S) {\jj -\- ^0- (This 
difference, by § 31 (2.), may be written in the form <^ — -| (1 — y) )( — |- (l — 8) x-) 
The mean square of the discrepancy is Z^ (0" — sin" D)/fi, where @^ has the value given 
in § 30 (3,) ; so that the probable discrepancy is Q.Z (©^ — sin^ Df/\/n, When this 
method is adopted, the sum of all the discrepancies in any row or in any column 
of the table of double classification is zero. 

(3.) In some cases we are not able either to calculate the averages, average squareSs 
and average product, or to test whether the separate distributions are normal. We 
must then determine D by some other method, and proceed as in (2.). Suppose, for 
instance, that D is determined by the double-median-classification method of § 27. 
Then, as in (2.), the discrepancy is the difference between the value of V, calculated for 
particular class-indices a and ^, and the observed value of V for these class-indices ; 
and the probable discrepancy is Q,^/\/n, where <l>^ has different forms according as 
a and y8 are positive or negative. If a and ^ are both positive, it may be shown 
that 

#'^ z= D (tt - D) Z^- - 2 (tt -^ D) Z{1(1 - a), l(l^y) + 1(1-^)4(1-8)1 

^ 2 DZV + 27rZ{| (1 -«» y) W + i (1 •- 8) W'} + ©^Z^ ; 

©'^ having the value given in § 30 (3.), and W and W' denoting what V would 
become if we put /3 = and a — respectively, without altering the value of D. 
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TABLES. 



Table I. — Ordinate of Standard Normal Curve in terms of Abscissa. 

1 



Abscissa =: x. Ordinate = 2:. z ■=:: Ce ^'"', where C 



7^ 



IT 







w^ 


Differences 






zjO, 


Diifereiices 


X. 


z. 


zjC. 


oi z/C, 


X. 


z. 


of z/C. 


•00 


•39894 


1 -00000 


125 


1-25 


T8265 


•45783 


2827 


•05 


•39844 


•99875 


374 


1^30 


•17137 


42956 


2754 


•10 


•39695 


•99501 


620 


1^35 


•16038 


•40202 


2671 


•15 


•39448 


•98881 


861 


1-40 


•14973 


•37531 


2581 


•20 


•39104 


•98020 


1097 


1'45 


•13943 


•34950 


2485 


•25 


•38667 


•96923 


1323 


1-50 


12952 


•32465 


2383 


•30 


•38139 


•95600 


1541 


1-55 


•12001 


•30082 


2278 


•35 


•37524 


•94059 


1747 


1^60 


•11092 


•27804 


2170 


•40 


•36827 


•92312 


1941 


1^65 


•10226 


•25634 


2059 


•45 


•36053 


•90371 


2121 


1-70 


■09405 


■23575 


1948 


•50 


•35207 


•88250 


2287 


L75 


•08628 


•21627 


1837 


•00 


•34294 


•85963 


2436 


1-80 


•07895 


•19790 


1726 


•GO 


•33322 


•83527 


2570 


1-85 


•07206 


•18064 


1617 


•65 


•32297 


•80957 


2687 


1^90 


•06562 


•16447 


1509 


•70 


•31225 


•78270 


2786 


1-95 


•05959 


■14938 


1404 


•75 


•30114 


•75484 


2869 


2-00 


•05399 


•13534 


1304 


•80 


•28969 


•72615 


2935 


2-05 


•04879 


•12230 


1205 


'85 


•27798 


•69680 


2982 


2-10 


•04398 


•11025 


1111 


•90 


•26609 


•66698 


3015 


2-15 


•03955 


•09914 


1022 


•95 


•25406 


•63683 


3030 


2'20 


•03547 


•08892 


936 


1^00 


•24197 


•60653 


3030 


2-25 


•03174 


•07956 


855 


1*05 


•22988 


•57623 


3016 


2-30 


•02833 


•07101 


780 


1*10 


•21785 


•54607 


2986 


2^35 


•02522 


•06321 


708 


1-15 


•20594 


•51621 


2946 


2^40 


•02239 


•05613 


641 


1*20 


•19419 


•48675 


2892 


2-45 


•01984 


•04972 


578 
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Table I,— Ordinate of Standard Normal Curve in terms of Abscissa (continued). 







f f i 


J3iffereiices 






0/0. 


Differences 


2-50 


z. 


zjO. 


of 0/C, 


x. 


•00061 


of ^/C. 


•01753 


•04394 




3-60 


•00153 










521 








25 


2-55 


•01545 


'03873 


468 


3-65 


•00051 


•00128 


22 , 


2-60 


•01358 


•03405 


419 


3-70 


•00042 


•00106 


18 


2-65 


•01191 


•02986 


374 


3-75 


•00035 


•00088 


15 


2-70 


•01042 


•02612 


333 


3-80 


•00029 


•00073 


1 

13 


2-75 


•00909 


02279 


295 


3-85 


•00024 


•00060 


10 


2-80 


•00792 


•01984 


261 


3-90 


•00020 


•00050 


9 


2-85 


'0068? 


•01723 


231 


3-95 


•00016 


•00041 


7 1 


2-90 


•00595 


•01492 


203 


4-00 


'00013 


•00034 


i 

i 


2-95 


•00514 


•01289 










12 








178 


4-10 


•00009 


•00022 




3-00 


•00443 


•01111 










7 








156 


4-20 


•00006 


•00015 




3-05 


•00381 


•00955 










5 








136 


4-30 


•00004 


'00010 




3-10 


•00327 


•00819 










4 








119 


4-40 


•00002 


•00006 




3-15 


•00279 


•00700 










2 








102 


4-50 


•00002 


•00004 




3-20 


•00238 


•00598 










1 








89 


4-60 


'00001 


•00003 




3-25 


•00203 


•00509 










1 








77 


4-70 


•00001 


•00002 




3-30 


•00172 


•00432 










1 








m 


4-80 


•00000 


•00001 




3-35 


•00146 


•00366 



















57 


4-90 


•00000 


•00001 




3-40 


•00123 


•00309 










1 








49 


5-00 


•00000 


•ooooo 




3-45 


•00104 


•00260 


41 












3-60 

1 


'00087 


•0021 9 










100000 


\ 3-55 


•00073 


•00183 
















30 
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Table II. — Abscissa of Standard Normal Curve in terms of Ordinate, 



{Converse of Table L) 



zjC. 


X. 


•66 


X, 


0/0. 


w. 


i 

1-00 


•0000000 


•9116090 


•33 


1-4890686 


•99 


•1417768 


-65 


•9282057 


•32 


1-6095922 


•98 


•2010110 


•64 


•9447615 


•31 


1-5304790 


•97 


•2468166 


•63 


•9612861 


•30 


1-5517557 


•96 


•2857341 


•62 


•9777891 


•29 


1-5734612 


•95 


•3202914 


•61 


•9942800 


•28 


1-6965975 


•94 


•3517823 


•60 


1-0107677 


•27 


1-6182295 


•93 


•3809743 


•59 


1-0272612 


•26 


1^6413868 


•92 


•4083665 


•68 


1-0437693 


•25 


1-6651092 


•91 


•4343056 


•57 


1-0603008 


•24 


1-6894475 


•90 


•4590436 


•56 


1-0768644 


•23 


1-7144538 


•89 


•4827708 


•65 


1-0934688 


•22 


1-7401883 


'88 


•5056350 


•54 


1^1101226 


•21 


1^7667189 


'87 


•5277639 


•53 


1^1268347 


•20 


1^79412^26 


•86 . 


•5492229 


•52 


1-1436140 


•19 


1^822488() 


•85 


•5701209 


•51 


1^1604693 


•18 


1-8519171 


•84 


•5905140 


•50 


1-1774100 


•17 


1^8825285 


•83 


•6104582 


•49 


1^1944454 


•16 


1^9144615 


•82 


•6300015 


•48 


1^2115851 


•15 


1^9478809 


•81 


•6491857 


•47 


1^2288390 


•14 


1-9829840 


•80 


•6680472 


•46 


1-2462173 


•L3 


2^0200103 


•79 


•6866183 


•45 


1^2637307 


•12 


2-0592540 


•78 


•7049276 


•44 


1-2813903 


•11 


2^1010830 


•77 


•7230004 


•43 


1-2992075 


•10 


2^1459660 


^76 


•7408601 


•42 


1-3] 71944 


•09 


2^1945139 


•75 


•7585276 


•41 


1-3353637 


•08 


2^2475447 


•74 


•7760220 


•40 


1^3537287 


•07 


2^3061917 


•73 


•7933609 


•39 


1^3723036 


•06 


2-3720922 


•72 


•8105604 


•38 


1-3911032 


•05 


2*4477468 


•71 


•8276356 


•37 


1^4101434 


•04 


2-5372725 


•70 


•8446004 


•36 


1-4294413 


•03 


2-6482288 


•69 


•8614681 


•35 


1-4490149 


•02 


2-7971496 


'68 


•8782511 


•34 


1-4688837 


•01 


3-0348543 


•67 


•8949610 




1 


' 
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Table III.— Ordinates of curves of Diversj^ence-diaOTam in terms of Abscissa. 



■r. 



e 



-hr^-mQ^Zire 



Abscissa — '25 ± 6^ or '75 ± ^, 
Ordinate = z. 
, the value of x being given by a ==: a/ - 



.iy2 



Values of x. 



a — 


•0. 


; a? 


^ 0-00000 00000 


a ■— 


•1; 


\T : 


- 0*12566 13469 


a — 


•2: 


; «^. 


= 0-25334 71031 


a 


•3 


; X ■ 


= 0-38532 04664 


a ^— 


'4 


; cT- 


r::^ 0-52440 05127 


cc — 


''k 


. a^ 


- 0-67448 97502 


(Z =^ 


•6 


; X 


= 0-84162 12336 


a = 


1 


, X 


= 1-03643 33895 


a -rz 


S; 


X ■ 


= 1-28155 15655 


a =n: 


•9: 


X. 


= 1-64485 36270 



Values of z. 





i 
i 

a = -0 


a —I 


i 

a ~- ^2 


a r- -3 


a ■=. -4 


a == '5 




1 


z 


z 


z 


z 


z 


z 


•00 


1-00000 


-99214 


•96842 


•92845 


•87154 


•79655 




•01 


1-00000 


-99210 


-96829 


•92818 


•87106 


•79583 




•02 


1-00000 


•99201 


•96792 


•92735 


•86963 


■79366 




•03 


1-00000 


-99185 


•96729 


•92595 


•86719 


•78998 




•04 


1-00000 


-99162 


•96637 


•92392 


•86367 


-78469 




•05 


1-00000 


•99131 


•96514 


•92120 


•85898 


'111Qh 




06 


1-00000 


•99091 


•96356 


•91771 


•85295 


•76865 




07 


1-00000 


•99040 


•96156 


•91332 


•84540 


■75742 




08 


1-00000 


•98977 


•95907 


•90785 


•83606 


•74363 




■09 


1-00000 


•98899 


•95598 


•90110 


•82459 


•72682 




10 


1-00000 


•98801 


•95215 


•89277 


•81052 


•70642 




11 


1-00000 


•98679 


•94738 


•88246 


-79326 


•68172 




12 


1-00000 


•98525 


•94139 


•86962 


•77202 


•65177 




•13 


1-00000 


•98329- 


•93381 


•85349 


•74571 


-61544 




14 


1-00000 


•98076 


•92405 


•83301 


•71291 


•57130 




15 


1-00000 


•97741 


•91129 


•80665 


•67168 


•51768 




16 


1-00000 


•97288 


•89424 


•77216 


•61946 


•45282 




17 


1-00000 


•96655 


•87086 


•72625 


•55298 


•37527 




•18 


1 -00000 


'95738 


•83776 


•66399 


•46839 


•28515 




19 


1-00000 


•94340 


•78914 


•57822 


•36254 


•18665 




•20 


1-00000 


•92064 


•71457 1 


•45960 


•23695 


•09236 




•21 


1-00000 


•88015 


•59517 \ 


•30110 


•10826 


•02528 


1 

1 


•22 


1 -00000 


•79862 


•40091 


•]2072 


•01992 


•00154 




•23 


1-00000 


•60494 


-12964 


•00886 


•00016 


•00000 




•24 


1-00000 


-13499 


•00029 1 


•00000 


•00000 


•00000 




•25 


Indefcer- 


•00000 


•00000 I 


•00000 


•00000 


•00000 




minate 




1 

1 










a 



^ -7 



z 



70176 
70078 
69781 
69277 
68557 
67601 
66386 
64883 
63053 
60848 
58210 
55071 
51351 
46964 
41826 
35876 
29126 
21740 
14176 
07328 
02451 
00326 
00004 
00000 
00000 
00000 



a 



•8 



z 



58444 
58320 
57945 
57313 
56411 
55222 
53725 
51891 
49687 
47076 
44016 
40467 
36395 
31785 
26663 
21128 
15402 
09884 
05168 
01900 
00361 
00017 
00000 
00000 
00000 
00000 



z 



43991 
43848 
43418 
42696 
41673 
40338 
38677 
36677 
34322 
31603 
28517 
25078 
21324 
17336 
13251 
09284 
05726 
02906 
01078 
00234 
00018 
00000 
00000 
00000 
00000 
00000 



Gv ——a ^ 



^ 



25852 
25714 
25300 
24610 
23647 
22412 
20912 
19161 
17177 
14993 
12658 
10243 
07842 
05575 
03581 
01993 
00899 
00294 
00057 
00005 
00000 
00000 
00000 
00000 
00000 
00000 
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Table IV.— Abscissae of curves of Divergence-diagram in terras of Ordinate. 



(Converse of Table III,) 





a = -0 


a '1 


a - -2 


a = -8 


oc '4 


a = -5 


a —- 6 


a r- -7 


a = 'S 


a — -9 


z 

i-oo 











1 









• • 














Indeter- 


» • 


• • 


« • 


• • 


« • 


• • 


• • 






minate 


















■ 


•99 


•25000 


•07662 


• • 


• • 






• a 






• • 




■ 
■ 


•98 


•25000 


•14252 


« • 


i 


















• • 






• • 


•97 


•25000 


•16498 


• • 




















• • 






• » 


•96 


•25000 


•17753 


•07651 


i 












• 






• « 




1 


» • 


'95 


•25000 


•18583 


•10478 


i 


















• • 




t 


• • 


•94 


•25000 


•19186 


•12203 


i 


















• « 






1 
• • i 


•93 


•25000 


•19650 


•13422 


( 






9 












• • 


! • • 


j 
1 
• • 


•92 


' ^25000 


•20022 


•14349 


•05372 














! 


* • 


* * i 


1 

» » i 


•91 


I ^25000 


•20328 


^15087 


•07632 
















• • 




i 

j 


» • 


•90 


: • 25000 


•20587 


•15695 


•09145 
















» • 






• • 


•89 


i -25000 


•20809 


•16207 


•10291 
















> • 




' 


• » 


•88 


1 ^25000 


•21003 


•16647 


■11210 
















t • 






• a 


•87 


' ^25000 


•21174 


•17031 


•11973 


•01795 












» s 






1 » 


'86 


'25000 


•21326 


•17369 


•12624 


•04803 












» • 






» • 


•85 


•25000 


•21463 


•17671 


•13189 


•06417 












> « 






« • 


•84 


i ^25000 


•21587 


•17943 


•13686 


•07603 












I » 






• 


•83 


•25000 


•21700 


•18189 


•14128 


•08553 




* 














* « 


•82 


•25000 


•21804 


•18413 


•14526 


•09349 












» • 






» • 


•81 


•25000 


•21900 


•18619 


•14886 


•10033 












K • 






» • 


•80 


•25000 


•21988 


•18809 


•15215 


•10634 












» 






• 


•79 


•25000 


•22071 


•18985 


•15517 


•11168 


•02996 ' 








• 






f • 


•78 


•25000 


•22148 


•19149 


•15796 


•11649 


•04694 ! 




* 




• 




^ 


* « 


•77 


•25000 


•22220 


•19302 


•16054 


•12085 


•05863 








• 




* 


1 • 


'76 


•25000 


-22287 


•19445 


'16295 


•12484 


•06788 








• 






t • 


•75 


•25000 


•22351 


•19580 


•16520 


•12851 


•07563 








• 






* • 

1 


•74 


•25000 


•22411 


•19707 


•16730 


•13191 


•08233 








• 






• 


•73 


•25000 


•22468 


•19827 


16929 


•13507 


•08825 








• i 






^ 


•72 


•25000 


•22523 


•19941 


■17116 


•13801 


•09356 








• 






« 


•71 


•25000 


•22574 


•20049 


•17293 


•14079 


•09838 








• 






• 


•70 


•25000 


•22623 


•20151 


•17460 


•14339 


•10279 


•01337 




i 
• 


« 




• 


•69 


•25000 


•22670 


•20249 


•17620 


•14584 


•10686 


•03423 




• 






• 


•68 


•25000 


•22715 


•20343 


•17771 


•14816 


•11063 


•04613 




• 






« 


'67 


•25000 


•22758 


•20432 


•17916 


•15036 


•11415 


•05523 




• 






• 


'66 


•25000 


•22799 


•20518 


•18054 


•15245 


•11744 


•06277 




i 
• 






1 
• 


•65 


•25000 


•22839 


•20600 


•18187 


•15445 


•12054 


•06929 




• 






• 


•64 


•25000 


•22877 


•20679 


•18314 


•15635 


•12346 


•07506 




1 
• 1 






• 


•63 


•25000 


•22914 


•20755 


•18436 


•15817 


•12622 


•08026 




9 






• 


•62 


•25000 


•22949 


•20829 


•18553 


•15991 


•12885 


•08500 




1 
• 1 






« 


•61 


"25000 


•22983 


•20899 


•18666 


•16158 


•13134 


•08936 




i 

• i 






• 


•60 


'25000 


•23016 


•20968 


•18775 


•16319 


•13372 


•09341 


A • 






» 


•59 


•25000 


•23048 


•21034 


•18881 


•16473 


•13600 


•09718 


i 
* • 






• 


•58 


•25000 


•23079 


•21098 


•18982 


•16622 


•13818 


•10073 


•01888 






• 


•57 


'25000 


•23109 


•21160 


•1908] 


'16766 


•14027 


•10406 


•03383 






• 


•56 


•25000 


•23139 


•21220 


•19176 


•16905 


•14227 


•10722 


•04375 






a 


•55 


•25000 


•23167 


•21279 


'19269 


•17040 


•14421 


•11021 


•05163 






4 


•54 


•25000 


•23195 


•21336 


•19358 


•17170 


•14607 


•11306 


•05832 






• 


•53 


•25000 


•23221 


•21391 


•19446 


•17296 


•14787 


•11577 


•06419 






• 


•52 


•25000 


•23248 


•21445 


•19531 


•17419 


•14961 


•11837 


•06946 






• 
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Table IV.— Abscissse of carves of DiYergence-diagram in terms of Ordinate 

(continued). 





a ~ •O 


a-'l 


OL — '2 


a — ^3 


OL = ^4 




5i = '5 

i 

i 


a --6 





a — -8 


a ~ -9 


•51 


"" " 



•25000 



•23273 




•21497 


i 


•19613 




r 

■15129 











•17538 


•12086 


•07426 


e « 


•50 


•25000 


•23298 


•21548 


•19694 


•17653 


15292 


•12326 


•07868 






•49 


•25000 


•23323 


•21598 


•19772 


•17766 


•15450 


•12556 


•08280 






*48 


•25000 


•23346 


•21647 


•19849 


•17876 


•15603 


•12778 


•08664 






•47 


•25000 


•23370 


•21695 


•19924 


•17983 


•15753 


•12992 


•09027 






•46 


•25000 


•23392 


•21742 


•19997 


•18088 


•15898 


•13200 


•09369 






•45 


•25000 


•23415 


•21788 


•20069 


•18190 


•16040 


•13401 


09695 






•44 


•25000 


•23437 


•21832 


•20139 


•18290 


•16178 


•13595 


•10005 






•43 


•25000 


•23458 


•21876 


•20208 


•18387 


•16312 


•13785 


•10301 


•02627 




•42 


•25000 


•23479 


•21920 


•20275 


•18483 


•16444 


•13968 


•10586 


•03711 




•41 


•25000 


•23500 


•21962 


•20341 


•18577 


•16573 


•14147 


•10859 


•04534 




•40 


1 ^25000 


•23520 


•22004 


•20406 


•18669 


'16699 


•14322 


•11122 


•05221 




•39 


'25000 


-23541 


•22045 


•20470 


•18760 


•16822 


•14492 


•11376 


•05821 




•38 


•25000 


•23560 


•22085 


•20533 


•18848 


•16944 


•14659 


•11621 


•06359 




•37 


•25000 


•23580 


•22125 


•20595 


•18936 


•17062 


•14821 


•11859 


•06850 




•3() 


•25000 


•23599 


•22164 


■20656 


•19022 


•17 179 


•14980 


•12091 


•07304 




•35 


•25000 


•23618 


•2^2203 


•20716 


•19106 


•17294 


•15137 


•12315 


•07727 




•34 


•25000 


•23637 


•2-2241 


•20776 


•19190 


•17407 


•15290 


•12534 


•08126 




•33 


•25000 


•23655 


•22279 


•20834 


•19272 


•17518 


•15440 


•12747 


•08503 


1 


'32 


•25000 


•23674 


•22316 


•20892 


•19354 


•17628 


•15588 


•12956 


•08862 




•31 


•25000 


•23692 


•22353 


•20949 


•19434 


•17736 


•15733 


•13160 


•09205 




•30 


•25000 


•23710 


•22390 


•21006 


•19513 


•17843 


T5876 


•13359 


•09534 




'29 


•25000 


•23728 


•22426 


•21062 


•19592 


'17949 


•16018 


•13555 


•09851 




•28 


•25000 


•23745 


•22462 


21118 


•19670 


•18054 


•16157 


•13748 


•10157 




■27 


•25000 


•23763 


•22498 


•21174 


•19748 


'18L57 


•16295 


•13937 


•10453 




•26 


•25000 


•23780 


•22534 


•21229 


•198-24 


•18260 


•16431 


•14123 


•10741 




•25 


•25000 


•23798 


•22569 


•21283 


•19901 


•18362 


•16566 


•14307 


•11022 


•02485 


•24 


•25000 


•23815 


•22604 


•21338 


•19977 


•18464 


•16700 


•14489 


'11295 


•03665 


•23 


•25000 


•23832 


•22640 


•21392 


•20053 


•18565 


•16833 


•14668 


•11563 


•04550 


•22 


•25000 


•23850 


•22675 


•21446 


•20128 


•18665 


•16966 


•14846 


•11825 


•05293 


•21 


•25000 


•23867 


•22710 


•21501 


•20204 


•18766 


•17098 


•15022 


•12083 


•05946 


•20 


•25000 


•23884 


•22745 


•21555 


•20279 


•18866 


•17229 


•15198 


•12337 


•06538 


•19 


•25000 


•23902 


•22780 


•21609 


•20355 


•18966 


•17360 


•15372 


•12588 


•07085 


•18 


•25000 


•23919 


•22816 


•21664 


•20431 


•19067 


•17492 


•15547 


•12836 


•07598 


•17 


•25000 


•23937 


•2-2852 


•21719 


•20507 


•19168 


•17623 


•15721 


•13082 


•08084 


•16 


•25000 


•23955 


•22888 


•21775 


•20584 


•19270 


•17756 


•15895 


•13327 


•08549 


•15 


•25000 


•23973 


22924 


•21831 


•20662 


•19372 


•17889 


•16070 


•13572 


•08997 


•14 


•25000 


•23991 


•22961 


•21888 


•20740 


•19476 


•18024 


•16247 


•13816 


'09432 


•13 


•25000 


•24009 


•22999 


•21945 


•20820 


•19582 


•18160 


•16425 


•14062 


•09857 


•12 


•25000 


•24028 


•23037 


•22004 


•20902 


•19689 


•18299 


•16606 


•14309 


•10274 


•11 


•25000 


•24048 


•23076 


•22065 


•20985 


•19799 


•18441 


•16790 


•14560 


•10688 


•10 


•25000 


•24068 


•23117 


'22127 


•21071 


•19911 


•18586 


•16978 


•14814 


•11100 


•09 


•25000 


•24088 


•23159 


•22191 


•21160 


•20028 


•18736 


•17171 


•15075 


•11514 


•08 


•25000 


•24110 


•23202 


•22258 


•21252 


•20149 


•18891 


•17372 


•15343 


•11933 


'07 


•25000 


•24132 


•23248 


•22328 


•21349 


•20276 


•19054 


•17582 


•15623 


•12361 


•06 


•25000 


•24156 


'23297 


•22403 


•21452 


•20411 


•19-227 


•17803 


•15916 


•12805 


i -05 


•25000 


•24183 


•23350 


•22484 


•21564 


•20557 


•19414 


•18041 


•16230 


•13272 


1 -04 


•25000 


•24211 


•23408 


•22574 


•21687 


•20718 


•19619 


•18303 


•16573 


•13775 


•03 


•25000 


•24245 


•23475 


•22676 


•21827 


•20901 


•19853 


•18600 


•16960 


'14334 


1 -02 


•25000 


•24285 


•23557 


•22801 


•21998 


•21124 


•20136 


•18959 


•17425 


•14995 


•01 


•25000 


•24341 


•23670 


•22974 


•22236 


■21433 


•20528 


•19453 


•18062 


•15884 


•00 


•25000 


•25000 


•25000 


•25000 


•25000 


•25000 


•25000 


•25000 


•25000 


•25000 
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Table V.— Table for Calculation of Probable Error. 



This table gives Qv/K in terms of N, where Q == '67448975 . . ., and N has any 
value. The values of N in the first column are the values corresponding to values of 
Q\/N intermediate between those in the second column. Thus Q\/N = 93*5 gives 
N = 19316, and Q\/N = 94*5 gives N = 19630 ; and therefore for any value of N 
between 19216 and 19680 the value of Q\/N to the nearest mteger is 94. The 
figures in N are arranged in pairs, since the result of dividing \/N by 10 is to divide 
N by 100. Thus for N = '01 93 00 the value of Qv/N to three places of decimals is 
•094; aiLd similarly, if N =::= '00 00 01 93, Qv^N = '00094, correct to five places of 

decimals. Thus the table gives Q\/N within from *8 to '08 per cent, of its value, 
without the necessity for any interpolation. This is accurate enough for ordinary 
purposes. 



N. 


Qk/N, 


N. 
01 56 95 


q^'N. 


iST. 
02 30 94 


Qv^K 


00 97 21 






067 




,085 




103 


01 00 15 




60 69 




35 47 






068 




086 




104 


03 14 




64 47 




40 04 






069 




087 




105 


06 17 




68 29 




44 66 






070 


! 


088 


1 


106 


09 25 




72 16 




1 49 32 






071 




089 




107 


12 37 




{ 76 07 




54 02 






072 


1 


090 




108 


15 54 




80 03 




58 77 






073 


1 


091 




109 


18 75 


i 

1 


! 84 03 




63 56 






074 1 




092 




110 


22 00 


i 


88 08 




68 39 






075 

■ 


j 


093 


1 


111 


25 30 


h 


92 16 




73 27 






076 




094 




112 


28 64 




96 30 




78 20 






077 




095 




113 


32 02 




02 00 47 


1 


83 17 






078 




096 i 




114 


35 45 




04 69 




88 18 






079 




097 




115 


38 93 


; 


08 96 




93 23 






080 




098 




116 


42 44 




13 27 1 


j 


98 33 






081 i 


1 

> 


099 ! 




117 


46 00 




17 62 i 


t 


03 03 48 






082 j 


' 


100 i 




118 


49 61 


: 


22 01 I 


1 


08 66 


. 




083 1 


1 


lOi 1 




119 


53 26 




26 45 


1 


13 90 






084 




102 




120 



IGO 
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Table V,— Table for Calculation of Probable Error (continued). 



j 

i 

N. 


Qa/K 


N. 
04 84 73 


Q v^N. 


N. 


1 


03 19 17 


06 84 76 




121 




149 




177- 


24 49 




91 28 




92 54 






122 




150 




178 


29 85 




97 88 




07 00 37 






123 




151 




179 


35 26 




05 04 52 




08 24 




* 


124 




152 




180 


40 71 


1 
I 


11 20 




16 15 






125 




153 




181 


46 21 




17 92 




24 11 






126 




154 




182 


51 75 




24 69 




32 11 






127 




•1 y y 

loo 




183 


57 33 




31 51 




40 15 






128 




156 




184 


62 96 




38 37 




48 24 






129 




157 




185 


68 63 




45 27 




56 37 






130 




158 




186 


74 34 


1 


52 21 




64 55 






131 




159 




187 


80 10 


1 

i 


59 20 




72 77 




I 


132 




160 




188 


8^91 


1 

1 


66 24 




81 04 






133 




161 




189 


91 75 




73 32 




89 35 




; 


134 




■ 1G2 




190 


97 64 


' 


80 44 




97 70 






135 




163 




191 


04 03 58 




87 60 




08 06 10 






136 




164 




192 


09 56 


1 
i 

1 


94 81 




14 54 






137 




165 




193 


15 58 




06 02 07 




23 02 






138 




166 




194 


21 65 




09 37 




31 55 






139 




167 




195 


27 76 




16 71 




40 12 


i 




140 




168 




196 


33 91 


1 


24 09 




48 74 


1 
i 




141 i 




169 




197 j 


40 11 


1 

! 
i 


31 52 




57 40 


i 

1 




142 ■ 




170 




198 i 


46 35 


i 
i 


39 00 




66 10 


i 




143 




171 


! 
! 


199 


52 64 




46 51 




1 74 85 






144 




172 


i 


200 


58 97 




54 07 




83 65 






145 




178 




201 


65 35 




61 68 




92 48 






146 




174 




202 


1 71 76 




69 33 




09 01 36 






147 




175 




203 ^ 


78 23 




77 02 




10 29 


1 




148 ; 

i : 




176 




204 
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Table V. — Table for Calculation of Probable Error (continued). 



N. 



Qv^N. 



N. 



09 19 25 

28 27 
37 32 

46 42 
55 57 
64 76 
73 99 
83 26 
92 58 

10 01 95 
11 36 
20 81 
30 30 

29 84 
49 43 
59 05 
68 73 
78 44 
88 20 
98 01 

11 07 85 
17 74 
27 68 
37 66 

47 68 
57 75 
67 86 
78 02 



205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 
217 
218 
2]9 
220 
221 
222 
223 
224 
225 
226 
227 
228 
229 
230 
231 
232 



Qv/N. 



n 88 22 
98 46 

12 08 75 
19 08 
29 45 



39 87 



50 33 



60 84 
71 39 
81 99 
92 63 

13 03 31 
14 04 
24 81 
35 62 
46 48 
57 38 
68 33 

79 32 
90 35 

14 01 43 
12 55 
23 72 
34 93 
46 19 
57 48 
68 83 

80 21 



233 

234 
235 
236 

237 
238 
239 
240 
241 
242 
243 
244 
245 
246 
247 
248 
249 
250 
251 
252 
253 
254 
255 
256 
257 
258 
259 
260 



N. 



Qa/n. 



14 91 64 

L5 03 12 

14 63 



26 20 


37 80 


49 45 


61 15 


1 72 88 


84 67 


96 49 


16 08 36 


20 28 


! 32 23 


44 24 


56 28 


68 37 


80 50 


92 68 


17 04 90 

1 


j 

17 17 


29 48 


41 83 


54 23 


66 67 


79 16 


91 68 


18 04 26 


16 87 



261 

262 
263 
264 



265 



266 
267 
268 
269 
270 
271 
272 
273 
274 
275 
276 
277 
278 
279 
280 
281 
282 
283 
284 
285 
286 
287 
2«8 
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Table Y,— Table 


for Calculation 


. of Probable ' 


j]rror (continue 


d). 


1^. 


Q^/N. 


N. 


Qs/W. 


N. 


Qv^K 


18 29 54 




22 01 90 




26 08 72 






289 




317 




345 


42 24 




15 83 




23 89 






290 




BIB 




346 


54 99 




29 81 




39 10 






291 




319 




347 


67 78 




43 84 




54 35 






292 




320 




348 


80 62 




57 90 




69 65 






293 




321 




349 


93 50 




72 02 




85 00 






294 




322 




350 


19 06 43 




86 17 




27 00 38 






295 




323 




351 


19 39 




23 00 37 




15 81 






296 




324 




352 


32 41 




14 61 




31 29 






297 




325 




353 


45 46 




28 90 




46 81 






298 




326 




354 


58 56 




43 23 




62 37 






299 




327 




355 


71 71 




57 61 




77 98 






300 




328 




356 


84 90 




72 03 




93 63 






301 




329 




357 


98 13 




86 49 




28 09 32 






302 




330 




358 


20 11 41 




24 01 00 




25 06 






303 




331 




359 


24 73 




15 55 




40 84 






304 




332 




360 


38 09 




30 15 




56 67 






305 




333 




361 


51 50 




44 79 




72 54 






306 




334 




362 


64 95 




59 47 




88 45 






307 




335 




363 


78 45 




74 20 




29 04 41 






308 




336 




364 


91 99 




88 97 




20 41 






309 




337 




365 


21 05 57 




25 03 78 




36 46 






310 




338 




366 


19 20 




18 64 




52 55 






311 




339 




367 


32 87 




33 55 




68 68 






312 




340 




368 


46 59 




48 49 




84 86 






313 




341 




369 


60 35 




63 48 




30 01 08 






314 




342 




370 


74 16 




78 52 




17 35 






315 




343 




371 


88 00 




93 60 




33 66 






316 




344 




372 
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Table V. — Table for Calculation of Probable Error (continued). 



N. 


Q^/N. 


N. 


q^/E, 


K. 


Qv^K. 


30 50 01 




35 25 77 




40 36 00 




373 




401 


1 

i 


429 


66 41 




48 40 




54 86 






374 




402 




430 


82 85 




6107 




73 76 






375 




403 




431 


99 34 




78 79 




92 71 






376 




404 




432 


31 15 87 




96 55 




41 11 70 






377 




405 




433 


32 44 




36 14 36 




30 74 






378 




406 




434 


49 06 




32 21 




49 82 






379 




407 




435 


65 72 




50 10 




68 94 






380 




408 




436 


82 43 


% 


68 03 




88 11 






381 




409 




437 


99 18 




86 02 




42 07 32 






382 




410 




438 


32 15 97 




37 04 04 




26 57 






383 




411 




439 


32 81 




22 11 


1 


45 87 






384 




412 




440 


49 69 




40 22 




65 22 






385 




413 




441 


66 62 




58 38 




84 60 






386 




414 




442 


83 59 




76 58 




43 04 04 






387 




415 




443 


33 00 60 




94 82 




23 51 






388 




416 , 




444 


17 66 




38 13 11 


■ 

! 


43 03 






389 




417 




445 


34 76 




31 44 




62 59 






390 




418 




446 


5190 




49 82 




82 20 






391 




419 




447 


69 09 




68 24 




44 01 85 






392 




420 




448 


86 32 




86 70 




21 55 






393 




421 




449 


34 03 60 




39 05 21 




41 29 






394 




422 




450 


20 92 




23 76 




6107 






395 




423 




451 


38 29 




42 36 




80 90 






396 




424 




452 


55 70 




6100 




45 00 77 






397 




425 




453 


73 15 




79 68 




20 68 






398 




426 




454 


90 65 




98 41 




40 64 






399 




427 




455 


35 08 19 




40 17 18 




60 64 






400 




428 




456 



Y 2 



164 



MR. W. F. SHEPPARD 01^ THE APPLICATION OF THE THEORY OF 



Table V. — Table for Calculation of Probable Error (continued). 



N". 


QVn. 


N. 


1 

Qv/N. 

-t 


N. 


Qv/K 


45 80 69 


1 


51 59 85 


57 73 47 






457 




, 485 




513 


46 00 78 




81 17 




96 02 






458 




486 




514 


20 91 




52 02 53 




58 18 62 






459 




487 




515 


41 09 




23 94 


1 
i 


41 26 






460 




488 I 




516 


61 32 




45 40 


I 


63 95 






461 




489 




517 


81 58 




66 90 


, 


86 67 






462 




490 




518 


47 01 89 


i 


88 44 




59 09 45 


i 




463 




491 




519 


22 25 




53 10 02 


i 


32 26 






<.i64 




492 




520 


42 65 




31 65 




55 12 






465 




493 




521 


63 09 




53 32 




78 03 






466 




494 




522 


83 57 




75 04 




60 00 98 






467 




495 




523 


48 04 11 




96 80 




23 97 






468 




496 




524 


24 68 




54 18 61 




47 00 






469 




497 




525 


45 30 


j 


40 46 




70 08 






470 i 




498 




526 


65 96 


; 
; 


62 35 




93 21 






471 




499 




527 


86 67 


■ 


84 29 




61 16 38 






472 




500 




528 


49 07 42 


■ 


55 06 27 




39 59 






173 




501 




529 


28 21 




28 29 




62 84 






474 




502 




530 


49 05 




50 36 




86 14 






475 




503 




531 


69 93 




72 48 




62 09 49 






476 




504 




532 


90 86 




94 63 




32 88 






477 




505 




533 


50 11 83 




56 16 83 




56 31 






478 




506 




534 


32 84 




39 08 




79 78 






479 




507 




535 


53 90 




61 37 




63 03 30 






480 




508 




536 


75 00 




83 70 




26 87 






481 




509 




537 


96 15 




57 06 08 




50 48 






482 




510 




538 


51 17 34 




28 50 




74 13 






433 




511 




539 


38 57 




50 96 




97 82 




1 


484 


I 


512 


1 


540 
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Table V. — Table for Calculation of Probable Error (continued). 



N. 


Qv^N. 


N. 


Qv/N. 


N. 


Qx/N. 


64 21 56 




71 04 12 




78 21 14 






541 




569 




597 


45 35 




29 13 




47 39 






542 




570 




598 


69 17 




54 19 




73 68 






543 




571 




599 


93 04 




79 29 




79 00 01 






544 




572 




600 


65 16 96 




72 04 44 




26 39 






545 




573 




601 


40 92 




29 63 




52 81 






546 




574 




602 


64 92 




54 87 




79 27 






547 


. 


575 




603 


88 97 




80 14 




80 05 78 






548 




576 




604 


66 13 06 




73 05 47 




32 34 






549 




577 




605 


37 20 




30 83 




58 93 






550 




578 




606 


6138 




56 24 




85 57 






551 




579 




607 


85 60 




81 70 




81 12 26 






552 




580 




608 


67 09 87 




74 07 19 




38 99 






553 




581 




609 


34 18 




32 74 




65 76 






554 




582 




610 


58 53 




58 32 




92 58 






555 




583 




611 


82 93 




83 95 




82 19 44 






556 




584 




612 


68 07 37 




75 09 63 




46 34 






557 




585 




613 


31 86 




35 34 




73 29 






558 




586 




614 


56 39 




61 11 




83 00 29 






559 




587 




615 


80 97 




86 91 




27 32 






560 




588 




616 


69 05 59 




76 12 76 




54 40 






561 




589 




617 


30 25 




38 66 




81 53 






562 




590 




618 


54 96 




64 59 




84 08 70 






563 




591 




619 


79 71 




90 57 




35 91 






564 




592 




620 


70 04 50 




77 16 60 




63 17 






565 




593 




621 


29 34 




42 67 




90 47 






566 




594 




622 


54 22 




68 78 




85 17 81 






567 




595 




623 


79 15 




94 94 




45 20 






568 




596 




624 
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Table V. — Table for Calculation of Probable Error (continued). 



N. 


Qv/K 


N. 


Qs/IL 


l^J, 


Qs/N, 


85 72 63 




90 45 71 




95 31 49 






625 




642 




659 


86 00 11 




73 93 




60 46 






626 




643 




660 


27 63 




91 02 20 




89 48 






627 




644 




661 


65 19 




30 51 




96 18 54 






628 




645 




662 


82 80 




58 87 




47 64 






629 




646 




663 


87 10 45 




87 27 




76 79 






630 




647 




664 


38 15 




92 15 71 




97 05 98 






631 




648 




665 


65 89 




44 20 




35 21 






632 




649 




666 


93 67 




72 73 




64 49 






633 




650 




667 


88 21 50 




93 01 HI 


" 


93 81 






634 




651 




668 


49 37 




29 92 




98 23 18 






635 




662 


, 


669 


77 29 




58 59 




52 59 






636 




653 




670 


89 05 25 




87 30 




82 05 






" 637 




654 




671 


33 25 




94 16 05 




1 99 11 54 






638 




655 


j 


672 


6130 




44 84 




4109 






639 




656 




673 


89 39 




73 68 




70 67 






640 




657 




674 


90 17 53 




95 02 56 




100 00 30 






641 




658 
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Table VI.- — Abscissa of Standard Normal Curve in terms of Class-Index. 



a 



Class-Index = a. 
Abscissa = x. 



V TT 






a. 


X. 


oc. 


X, 


a. 


X. 


•00 


•00000 


•34 


•43991 


'67 


•97411 


•01 


•01253 


•35 


•45376 


•68 


•99446 


•02 


•02507 


•36 


•46770 


•69 


1-01522 


•03 


•0376L 


•37 


•48173 


•70 


1-03643 


•04 


•05015 


•38 


•49585 


•71 


1-05812 


•05 


•06271 


•39 


•51007 


•72 


1-08032 


■06 


•07527 


•40 


•52440 


•73 


1-10306 


•07 


•08784 


•41 


•53884 


•74 


1^12639 


•08 


•10043 


•42 


•55338 


•75 


1^15035 


•09 


•11304 


•43 


•56805 


•76 


1-17499 


'10 


•12566 


•44 


■58284 


•77 


1-20036 


•11 


•13830 


•45 


•59776 


•78 


1-22653 


•12 


•15097 


■46 


•61281 


•79 


1^25357 


•13 


•16366 


•47 


■62801 


•80 


1^28155 


•14 


•17637 


•48 


•64335 


•81 


1^31058 


•15 


•18912 


•49 


•65884 


•82 


1^34076 


•16 


•20189 


•50 


•67449 


•83 


1-37220 


•17 


21470 


51 


69031 


•84 


1-40507 


•18 


22754 


52 


70630 


85 


1-43953 


•19 


24043 


53 


72248 


86 


1^47579 


•20 


25335 


54 


73885 


87 


1-51410 


•21 


26631 


55 


75542 


88 


1-55477 


•22 


27932 


56 


77-219 


89 


1-59819 


•23 


29237 


57 


78919 


90 


1-64485 


•24 


30548 


58 


80642 


91 


1^69540 


•25 


31864 


59 


82389 


92 


1^75069 


•26 


33185 


60 


84162 


93 


1^81191 


•27 


34513 


61 


85962 


94 


1^88079 


•28 


35846 


62 


87790 


95 


1^95996 


•29 


37186 


63 


89647 


96 


2-05375 


•30 


38532 


64 


91537 


97 


2^17009 


•31 


39886 


65 


93459 


98 


2^32635 


•32 


41246 


QQ 


95417 


99 


2^67583 


•33 


42615 
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EKEATA. 



P, 1285 line 9. For f (a', ^\ y\ . . .), readf{a\ 0\ y\ . . .). 

P. 128. The expression at the end of § 20 should be multiplied by F. 

P. 131 5 line 8. For 2a^ln, read 2ayn, 



